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Abstract
The Shafarevich-Tate and Selmer groups arise in the context of Kum-
mer theory for elliptic curves. The finiteness of the Shafarevich-Tate group
of an elliptic curve E over the field of rational numbers is included in the
Birch and Swinnerton-Dyer conjectures, and is still an open question.
We present an overview of the Shafarevich-Tate and Selmer groups of
an elliptic curve in the framework of Galois cohomology. Known results
on the finiteness of the Shafarevich-Tate group are mentioned, including
results of Coates and Wiles, Rubin, Gross and Zagier, and Kolyvagin.
We then prove the vanishing of the ℓ-primary component of the Shafarevich-
Tate group for almost all primes ℓ, for any elliptic curve E over the ratio-
nals without complex multiplication.
1 Introduction
1.1 Statement of the problem
We recall Kummer theory for elliptic curves [43, pp. 331–332] to introduce the
Shafarevich-Tate groups and the related Selmer groups.
LetK be an algebraic number field with absolute Galois group G = Gal(K/K),
where K denotes the algebraic closure of K. Given an elliptic curve E over K
and a prime number ℓ, one has the short exact sequence (isogeny property) of
G-modules:
0→ E[ℓ]→ E(K) [ℓ]−→ E(K)→ 0, (1)
where E[ℓ] denotes the group of ℓ-torsion points in E(K). This yields, from
the long exact sequence of Galois cohomology, the following exact sequence of
Abelian groups:
0→ E(K)/[ℓ](E(K)) ∂−→ H1(G, E[ℓ])→ H1(G, E(K))[ℓ]→ 0. (2)
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Recall that Galois cohomology (see [11] and [43, pp. 333-335]) is based on
the profinite group structure of Galois groups (see [11] and [26, pp. 4-6]). In
particular, 1-cocycles are continuous maps with respect to the Krull topology
on Galois groups [26, p. 2] and the discrete topology on Galois modules. When
the Galois group is finite, Galois cohomology coincides with group cohomology.
Given a place v of K, let Kv be the completion of K at v, and denote Gv the
absolute Galois group of Kv. Then, Gv may be viewed as a subgroup of G upon
considering an embedding ξ of K into Kv. Moreover, the resulting embedding
is continuous with respect to the Krull topology on Galois groups. One then
has a commutative diagram:
0 −−−−→ E(K)/[ℓ](E(K)) ∂−−−−→ H1(G, E[ℓ]) −−−−→ H1(G, E(K))[ℓ] −−−−→ 0y yResGGv yResGGv
0 −−−−→ E(Kv)/[ℓ](E(Kv)) ∂−−−−→ H1(Gv, E[ℓ]) −−−−→ H1(Gv, E(Kv))[ℓ] −−−−→ 0,
(3)
where ResGGv denotes the restriction map of Galois cohomology [43, pp. 331–
332]. At this point, recall that the Shafarevich-Tate group of E overK is defined
as [43, p. 332]:
X(E/K) = Ker
{
H1(G, E(K))→ ⊕v H1(Gv, E(Kv))
}
. (4)
Also, the [ℓ]-Selmer group is defined as [43, pp. 331–334]:
S[ℓ](E/K) = Ker
{
H1(G, E[ℓ])→ ⊕v H1(Gv , E(Kv))
}
. (5)
In both equations (4) and (5), v covers the set at all places of K. Note that each
homomorphism H1(G, E[ℓ]) → H1(Gv, E(Kv)) maps into the ℓ-torsion group
H1(Gv, E(Kv))[ℓ]. The above commutative diagram then yields a short exact
sequence of the form [43, p. 333]:
0→ E(K)/[ℓ](E(K)) ∂−→ S[ℓ](E/K)→X(E/K)[ℓ]→ 0. (6)
One can show that the Selmer group S[ℓ](E/K) is finite [43, pp. 333–334],
from which follows the finiteness of E(K)/[ℓ](E(K)) (Weak Mordell-Weil The-
orem). A descent argument based on the notion of height function then shows
the following result [43, Theorem 6.7, p. 239].
Theorem 1 (Mordell-Weil Theorem). For any elliptic curve over an algebraic
number field K, the group E(K) is finitely generated.
From the Mordell-Weil Theorem, one can define the rank of an elliptic curve:
rank(E/K) = rankZE(K). (7)
Given a prime number ℓ, the Mordell-Weil Theorem implies that:
dimFℓ E(K)/[ℓ](E(K)) = rank(E/K) + dimFℓ E[ℓ](K), (8)
2
where E[ℓ](K) is the group of ℓ-torsion points of E(K). Considering the special
case where K = Q, a Theorem of Mazur implies that #Etor(Q) ≤ 16 [43,
Theorem 7.5, p. 242], so that dimFℓ E[ℓ](Q) = 0 for almost all prime numbers
ℓ. Then, rank(E/Q) = dimFℓ E(Q)/[ℓ](E(Q)).
Next, we recall the following results on the L-series attached to elliptic
curves. Given an elliptic curve E over a global field K, one defines the auxiliary
function [43, p. 450]:
Λ(E, s) = N
s/2
E (2π)
−sΓ(s)L(E, s), (9)
where NE denotes the conductor of E/K, Γ denotes the Euler gamma function,
and L(E, s) is the L-series attached to E [43, pp. 449–452].
A construction of Eichler and Shimura associates to special functions, called
modular forms [43, Section C.12], a type of elliptic curves, called modular el-
liptic curves [43, Section C.13], for which analytic continuation of the auxiliary
function Λ(E, s) to the entire complex plane can be demonstrated [43, Section
C.16]. See [25] for a brief introduction.
Now, the Taniyama-Shimura-Weil conjecture states that any elliptic curve
over Q is modular. This conjecture was proved in 1995 for semi-stable elliptic
curves over Q [51, 48] and then, the proof was extended to cover all elliptic
curves over Q [3]. From there, one can conclude that L(E, s) has an analytic
continuation on the entire complex plane.
Theorem 2 (Wiles 1995, Taylor andWiles 1995, Breuil et al. 2001). Modularity
Theorem: Any elliptic curve E over Q is modular.
Based on Theorem 2, one can define the analytic rank of an elliptic curve
over Q:
rankan(E/Q) = ords=1 L(E, s). (10)
The Birch and Swinnerton-Dyer conjectures include the following statement
[43, Conjecture 16.5, part a), p. 452]:
BSD-1: rank(E/Q) = rankan(E/Q), for any elliptic curve E over Q.
The Birch and Swinnerton-Dyer conjectures assume also the following con-
jecture [43, p. 341] formulated independently by Shafarevich and Tate [33]:
S-T: the Shafarevich-Tate group X(E/Q) is finite, for any elliptic curve
E over Q.
From S-T, one would have:
rank(E/Q) = dimFℓ E(Q)/[ℓ](E(Q)) = dimFℓ S
[ℓ](E/Q), (11)
for all but finitely many prime numbers ℓ, based on Mazur’s Theorem on torsion
points.
Conjecture S-T is assumed in the second part of the BSD conjectures (BSD-
2) on the value of the leading coefficient in the Taylor expansion of L(E, s) at
s = 1. See [43, Conjecture 16.5, part b), p. 452].
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A result of Coates and Wiles [7] states that BSD-1 holds in the case of an
elliptic curve over Q with complex multiplication (CM), if the analytic rank
is equal to 0. Rubin [31] proved that conjecture S-T holds under the same
conditions.
Theorem 3 (Coates and Wiles 1977, Rubin 1987). Let E be an elliptic curve
over Q with CM. Assume that rankan(E/Q) = 0. Then, conjectures BSD-1 and
S-T hold.
Kolyvagin extended Rubin’s result to any elliptic curve of analytic rank at
most 1 [14, 15, 17], building on a result of Gross and Zagier [10]; see also [16,
Theorem 1, p. 430].
Theorem 4 (Gross and Zagier 1986, Kolyvagin 1988–1991). Let E be an elliptic
curve over Q. Assume that rankan(E/Q) ≤ 1. Then, conjectures BSD-1 and
S-T hold.
The reader may consult [32] and [33] for further reading on the Birch and
Swinnerton-Dyer conjectures and the rank of elliptic curves. In particular, the
notions of Heegner points and Euler systems are explained. In this work, these
notions do not intervene.
Results on the finiteness of the Shafarevich-Tate group have been obtained
by Kolyvagin and Logachev in the case of Abelian varieties [18, 19].
The finiteness ofX(E/Q) implies that its order is a perfect square, based on
Cassels’ pairing for elliptic curves [43, p. 341]. Poonen and Stoll have studied
the Cassels-Tate pairing in the case of Abelian varieties [29].
1.2 Main theorem of this work and consequences
Firstly, as mentioned in [28, Section 3], the Shafarevich-Tate group is a tor-
sion group, for the simple reason that it is a subgroup of the torsion group
H1(G, E(K)), having considered Galois cohomology.
The following proposition states equivalent formulations.
Proposition 1. Let E be an elliptic curve over an algebraic number field K.
Let ℓ be a prime number. Then, the following conditions are equivalent:
a)
X(E/K)ℓ = 0, (12)
where X(E/K)ℓ denotes the ℓ-primary component of X(E/K).
b)
X(E/K)[ℓ] = 0. (13)
c)
∂ : E(K)/[ℓ](E(K))
≈−→ S[ℓ](E/K). (14)
d)
S[ℓ](E/K) = Ker{H1(G, E[ℓ])→ H1(G, E(K))}. (15)
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Proof. a)⇒ b). This is clear since X(E/K)[ℓ] ⊆X(E/K)ℓ.
b) ⇒ a). Assume that X(E/K)[ℓ] = 0. Let A be any finite subgroup of
X(E/K)ℓ. Then, A is of the form ⊕ni=1Z/ℓmiZ, where mi ∈ N. Now, one must
have n ≤ dimFℓ X(E/K)[ℓ]. Thus, n = 0 and X(E/K)ℓ = 0.
b)⇔ c). This follows from the short exact sequence:
0→ E(K)/[ℓ](E(K)) ∂−→ S[ℓ](E/K)→X(E/K)[ℓ]→ 0. (16)
c)⇔ d). From the short exact sequence (2), one has an isomorphism:
∂ : E(K)/[ℓ](E(K))
≈−→ Ker
{
H1(G, E[ℓ])→ H1(G, E(K))
}
. (17)
From the compositum of homomorphisms at any place v of K:
H1(G, E[ℓ])→ H1(G, E(K)) Res
G
Gv−−−−→ H1(Gv, E(Kv)), (18)
one obtains
∂ : E(K)/[ℓ](E(K))
≈−→ Ker
{
H1(G, E[ℓ])→ H1(G, E(K))
}
⊆ S[ℓ](E/K). (19)
The equivalence is now clear.
Remark 1. Part d) of the proposition expresses a local-global principle:
f ∈ H1(G, E[ℓ]) splits in E(Kv) for all places v if and only if it does in E(K).
The obstruction to this principle is thus X(E/K)ℓ in view of part a) of the
proposition.
We now state the main results of this paper. As in [39, IV-2.1], we say that
an elliptic curve has complex multiplication (CM), if it does over some finite
extension FCM/Q; i.e., EndFCM(E) is an order in an imaginary quadratic field
KCM [32, Section 5].
Given a prime number ℓ, one has a Galois representation ρℓ : G → GL2(Tℓ),
obtained by Galois action on the Tate module Tℓ of E. This representation iden-
tifies Gal(L∞/Q) with ρℓ(G), where L∞ denotes the field obtained by adjoining
to Q the affine coordinates of all ℓn-torsion points of E, with n ≥ 1.
Theorem 5. Let E be an elliptic curve over Q without CM, and consider a
Weierstrass equation of the form y2 = x3 +Ax+B, with A,B ∈ Z.
Let ℓ 6= 2, 3, 5, 7, 13 be a prime number. Assume that: i) ρℓ(G) is the full
linear group GL2(Zℓ); and ii) ℓ ∤ ∆
′ := 4A3 + 27B2.
Then, one has:
S[ℓ](E/Q) = Ker
{
H1(G, E[ℓ])→ H1(G, E(Q))
}
. (20)
Note that from Serre’s Theorems [40, The´ore`me 2, p. 294] and [40, The´ore`me
4′, p. 300], it follows that the Galois group ρℓ(G) is the full linear group for
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almost all primes, whenever E has no CM. Furthermore, in the case E is semi-
stable (i.e., with no additive reduction) without CM, Mazur’s Theorem [23,
Theorem 4, p. 131] implies that ρℓ(G) is the full linear group for ℓ ≥ 11. It
follows that X(E/Q)ℓ = 0, for any ℓ ≥ 17 not dividing ∆′, whenever E is
semi-stable.
Proposition 1 states that Theorem 5 implies the following consequences.
Corollary 1. Let E be any elliptic curve over Q without CM. Then, for almost
all prime numbers ℓ, one has:
a)
X(E/Q)ℓ = 0, (21)
where X(E/Q)ℓ denotes the ℓ-primary component of X(E/Q);
b)
X(E/Q)[ℓ] = 0; (22)
c)
∂ : E(Q)/[ℓ](E(Q))
≈−→ S[ℓ](E/Q). (23)
Mazur’s Theorem on torsion points [43, Theorem 7.5, p. 242] then implies
the following result.
Corollary 2. Let E be any elliptic curve over Q without CM. Then, for almost
all prime numbers ℓ, one has:
rank(E/Q) = dimFℓ S
[ℓ](E/Q). (24)
Since X(E/Q)[ℓ] is finite for any prime ℓ, as it is a quotient group of the
finite group S[ℓ](E/Q), it follows that the ℓ-primary component of X(E/Q) is
of the form:
X(E/Q)ℓ = (Qℓ/Zℓ)
nℓ ⊕ Tℓ, (25)
where nℓ ≥ 0 and Tℓ is a finite ℓ-group [28, Section 12].
Thus, based on Theorem 5, the only missing piece to proving that X(E/Q)
is finite in the non-CM case, is a proof that X(E/Q) has no infinitely divisible
element. See also [43, p. 341] on this issue.
Examples of CM elliptic curves of rank 2 or 3 with endomorphism ring Z[i]
are studied in [6]. The statement of [6, Theorems 1.2] assumes the condition
ℓ ≡ 1 mod 4, and the very strong condition ℓ < 30, 000 (and ℓ 6= 41), in the case
of a specific curve. In the case of [6, Theorems 1.3], the condition ℓ ≡ 1 mod 4
is also assumed, and the extra restriction that ℓ < 30, 000 (except for finitely
many exceptions), and the statement is valid for 5 specific elliptic curves. In
contrast, Theorem 5 is valid for any elliptic curve without CM, and all primes ℓ,
but finitely many. However, we have not succeeded in carrying out the strategy
of our proof to the CM case, as of now.
In Section 5, an example from [27] of an elliptic curve E over the rationals
without CM of rank at least 7 is mentioned. Furthermore, we show that, in this
example, ℓ = 41 is the smallest prime (i.e., based on the conditions of Theorem
6
5) for which Corollary 2 applies. Therefore, one can in principle find out the
exact rank of E/Q from a computation of dimF41 S
[41](E/Q).
It can be noticed that this example solves the open problem mentioned in
[44, Problem 2.16, p. 27] in the non-CM case.
An example that was communicated to us by Professor C. Wuthrich is
also mentioned in Section 5. This example shows that the condition ρℓ(G) =
GL2(Zℓ) is not sufficient to conclude that X(E/Q)ℓ = 0, if ever ℓ is one of the
exceptional ones (i.e., 2, 3, 5, 7, or 13). This issue is crucial, in view of BSD-2.
We end this paper with a complement to Proposition 2 that clarifies its proof,
but that is not needed as such for the proof of Theorem 5 that is presented here.
2 Background on elliptic curves
2.1 Basic notions
Let K be a field and E be an elliptic curve over K; i.e., a smooth projective
curve of genus 1, together with a base point O. The elliptic curve admits a
Weierstrass equation [43, p. 42]:
y2 + a1xy + a3y = x
3 + a2x
2 + a4x+ a6, (26)
with coefficients ai ∈ K, i = 1, 2, 3, 4, 6. One defines the quantities:
b2 = a
2
1 + 4a2;
b4 = 2a4 + a1a3;
b6 = a
2
3 + 4a6;
b8 = a
2
1a6 + 4a2a6 − a1a3a4 + a2a23 − a24.
(27)
We also set: {
c4 = b
2
2 − 24b4;
c6 = −b32 + 36b2b4 − 216b6.
(28)
Then, the discriminant ∆ of E corresponding to a given Weierstrass equation
is equal to:
∆(E) := −b22b8 − 8b34 − 27b26 + 9b2b4b6, (29)
and its j-invariant (independent of the Weierstrass equation) is equal to:
j(E) := c34/∆. (30)
Given the cubic curve defined by a Weierstrass equation (26), there are three
cases [43, p. 45]:
(1) The curve is non-singular if ∆ 6= 0.
(2) The curve has a node if ∆ = 0 and c4 6= 0.
(3) The curve has a cusp if ∆ = 0 and c4 = 0.
In cases (2) and (3), there is only one singular point. In case (1), the curve
is an elliptic curve with base point O = [0, 1, 0].
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The elliptic curve has also Weierstrass equation y2 = x2 − 27c4x − 54c6, if
the characteristic of K is different from 2 and 3 [43, p. 43]. Thus, it is of the
form y2 = x3+Ax+B. Two elliptic curves are isomorphic over K if and only if
they have the same j-invariant [43, p. 45]. If K has characteristic different from
2 and 3, the proof of that result [43, pp. 46–47] shows that an isomorphism
holds over a base extension obtained by adjoining (A/A′)1/4 (case j = 1728)
or (B/B′)1/6 (case j = 0) or (A/A′)1/4 = (B/B′)1/6 (other cases) to K, where
the two curves have equations y2 = x3 + Ax + B and y2 = x3 + A′x + B′ over
K, respectively. So, unless j = 0 or 1728, the base field extension has degree
dividing 2 (the g.c.d. of 4 and 6).
There is a group law defined on E(K) that is a consequence of a special case
of Bezout’s Theorem, but that can also be defined explicitly. See [43, Chapter
II, Section §2].
Now, let ℓ be a prime number. If the characteristic of K is different from
ℓ, then the group E[ℓ] = E[ℓ](K) of ℓ-torsion points of E is isomorphic to
Z/ℓZ ⊕ Z/ℓZ. If K has characteristic ℓ, then E[ℓ] is isomorphic to 0 or Z/ℓZ.
See [43, p. 86].
If m is a positive integer coprime with the characteristic of K, then there is
the Weil pairing em : E[m] × E[m] → µm, which is bilinear, alternating, non-
degenerate, Galois invariant, and compatible [43, Proposition 8.1, p. 94]. As a
consequence, one deduces that µm ⊂ K, if E[m] ⊂ E(K), under the condition
char(K) ∤ m [43, Corollary 8.1.1, p. 96].
Given an elliptic curve over a field K, one constructs its formal group F as
in [43, pp. 115-120]. If K has characteristic ℓ, multiplication by ℓ in F (denoted
ℓ[X ] ∈ K[[X ]]) is either 0 or else is of the form g(Xℓh), where g′(0) 6= 0 [13]. In
the latter case, h is called the height of F .
Let k be a finite field of characteristic ℓ and E˜ be an elliptic curve over k.
Then, either [43, p. 144–145]:
(1) The formal group of E˜ has height h = 2 and E˜[ℓ] = 0 (the Hasse invariant
is 0, or the curve is supersingular);
or
(2) The formal group of E˜ has height 1 and E˜[ℓ] = Z/ℓZ (the Hasse invariant
is 1, or the curve is ordinary).
The first case occurs if and only if j(E˜) ∈ Fℓ2 and the map [ℓ] is purely
inseparable.
2.2 Elliptic curves over local fields
Let K be a finite extension of Qp and let K be its algebraic closure. Let v
be the discrete valuation of K. Given an elliptic curve E over K, we consider
its minimal Weierstrass equation [43, pp. 185–187]. That is a Weierstrass
equation with coefficients in the integer ring Ov of K with minimal value of
v(∆) among all such equations. Therefore, one can look at its reduction E˜
modulo a uniformizer πv of K [43, p. 187–188], defined over the residue field kv
of K. One says [43, pp. 196–197]:
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1) E has good reduction if E˜ is non-singular (v(∆) = 0).
2) E has multiplicative reduction if E˜ has a node (v(∆) > 0 and v(c4) = 0).
3) E has additive reduction if E˜ has a cusp (v(∆), v(c4) > 0).
The set of non-singular points E˜ns(kv) of the reduced curve forms a group
[43, p. 56]. In the case of good reduction E˜ns(kv) = E˜(kv) is an elliptic curve
defined over kv. In the case of multiplicative reduction, E˜ns(kv) ≈ k∗v. In the
case of additive reduction, E˜ns(kv) ≈ k+v . See also [43, Exercise 3.5, p. 105].
A sufficient condition for aWeierstrass equation to be minimal is that v(∆) <
12 or that v(c4) < 4 [43, Remark 1.1, p. 186]. Therefore, in the case of
good reduction (v(∆) = 0) or multiplicative reduction (v(c4) = 0), a minimal
Weierstrass equation remains minimal after base field extension [43, Proposition
5.4.(b), p. 197]. In the case of additive reduction, after a suitable finite base
field extension (see below), the reduction turns either good or multiplicative.
For an example of the former case, see [43, Example 5.2, p. 196–197]. For an
example of the latter case, let p be a prime number greater than 3 and consider
E : y2 = x3+ 3
√
px2+p2 overK = Qp( 3
√
p); then, overK( 2
√
p), E has Weierstrass
equation y2 = x3 + x2 + p, as can be seen with the change of variable y = 2
√
py′
and x = 3
√
px′.
Next, recall that E has good reduction after a base extension (potential
good reduction) if and only if its j-invariant is an integer of K [43, p. 197]. The
proof of this result in the case char(kv) 6= 2 [43, p. 199] relies on a Weierstrass
equation in Legendre form y2 = x(x − 1)(x − λ), λ 6= 0, 1, [43, p. 49]. Such
an equation can be obtained after adjoining the roots of the cubic polynomial
x3 + (b2/4)x
2 + (b4/2)x + b6/4 = (x − e1)(x − e2)(x − e3) and then adjoining
the square root of e2− e1. Thus, the base field extension K ′/K can be taken of
degree dividing 12. If char(kv) = 2, the proof relies on a Weierstrass equation in
Deuring normal form y2+αxy+ y = x3, α3 6= 27. Such an equation is obtained
after adjoining a root α of the polynomial x3(x3−24)3− (x3−27)j(E), yielding
a base field extension of degree dividing 3d′ with 1 ≤ d′ ≤ 4, and then over an
extra base field extension of degree 2, 4 or 6 to obtain an isomorphism with the
initial elliptic curve [43, Proposition 1.3, p. 412, and p. 47]. In all cases, the
base field extension K ′/K has degree d divisible only by powers of 2 and 3.
If char(kv) 6= 2, consideration of a Weierstrass equation in Legendre form
over a field extension K ′ of degree dividing 12 shows that E has either good
or multiplicative reduction over K ′ [43, p. 198]. If char(kv) = 2, one considers
a Weierstrass equation in Deuring normal form over a field extension K ′/K of
degree d with only 2 or 3 as prime factors [43, p. 413].
There is a well-defined reduction map E(K) → E˜(kv) [43, p. 188]. Let
E0(K) denote the pre-image of E˜ns(kv) under the reduction map. Then, there
is an exact sequence
0→ E1(K)→ E0(K)→ E˜ns(kv)→ 0, (31)
where the second map is the reduction map, the first map is inclusion, and
E1(K) consists of all points that reduce to the point O˜ of E˜(kv) [43, pp. 187–
188]. From the above remark, in the case of good reduction or multiplicative
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reduction, the above sequence extends to a short exact sequence of Galois mod-
ules:
0→ E1(K)→ E0(K)→ E˜ns(kv)→ 0, (32)
where Ens(kv) ≈ k∗v in the case of multiplicative reduction.
Moreover, there is an isomorphism
Fv(Mv) ≈ E1(K), (33)
where Fv is the formal group of E over Ov and Mv is the maximal ideal of Ov
[43, p. 191].
Now, let ℓ be a prime number (possibly different from p) and consider a
finite extension L/K with valuation w. Based on the above facts, we obtain an
exact sequence of Abelian groups:
0→W1 ≈ E1[ℓ]→ E0[ℓ]→ E˜ns[ℓ]. (34)
Here,W1 is the group of ℓ-torsion points of Fw(Mw), and E1[ℓ], E0[ℓ] and E˜ns[ℓ]
are the groups of ℓ torsion points of E1(L), E0(L) and E˜ns(kw), respectively.
Also, reduction is with respect to a minimal Weierstrass equation for E over L
(not necessarily the same one as over K in the case of additive reduction over
K).
We also have an exact sequence of Abelian groups:
0→ E0[ℓ]→ E[ℓ] ≈ Z/ℓZ× Z/ℓZ→ E[ℓ]/E0[ℓ]→ 0. (35)
The Kodaira-Ne´ron Theorem [43, Theorem 6.1, p. 200] states that the Abelian
group E[ℓ]/E0[ℓ] has order at most 4 except possibly in the case of split multi-
plicative reduction, in which case E[ℓ]/E0[ℓ] is cyclic of order v(∆) = −v(j).
Lemma 1. Let E be an elliptic curve defined over a local field K, with bad
reduction. Let ℓ > 3 be a prime number different from the characteristic p of
the residue field kv of K. If E has potential good reduction, then E has good
reduction over L = K(E[ℓ]). If E has potential multiplicative reduction, then E
has multiplicative reduction over L.
Proof. By way of contradiction, assume that E has additive reduction over L.
Then, there is a short exact sequence of Abelian groups:
0→ E1(L)→ E0(L)→ E˜ns(kw) ≈ k+w → 0, (36)
where kw denotes the residue field of L. This yields a short exact sequence:
0→ E1[ℓ]→ E0[ℓ]→ k+w [ℓ], (37)
since E1[ℓ], E0[ℓ] ⊆ E[ℓ], as L = K(E[ℓ]). But since ℓ 6= p, it follows that
E1[ℓ] = 0 and that k
+
w [ℓ] = 0. Therefore, one obtains that E0[ℓ] = 0. Now, let o
be the order ofE(L)/E0(L). Then, an element P of E[ℓ] satisfies both conditions
[ℓ]P = O ∈ E0(L) and [o]P ∈ E0(L). Therefore, since (o, ℓ) = 1, as ℓ > 3, one
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concludes that P ∈ E0[ℓ]. This means that E[ℓ] ⊆ E0[ℓ] = 0. However, this
conclusion contradicts the fact that E[ℓ] ≈ Z/ℓZ⊕ Z/ℓZ, as L = K(E[ℓ]).
So, if E has bad potentially good reduction (i.e., potential good reduction),
then E must have good reduction over L. If E has bad and no potential good
reduction (i.e., potential multiplicative reduction), then E must have multi-
plicative reduction over L.
Lemma 2. Let E be an elliptic curve defined over a local field K, with good
reduction. Let m be a positive integer coprime with the characteristic p of the
residue field kv of K. Then, one has an isomorphism:
E[m](K)
≈−→ E˜[m](kv). (38)
Proof. Firstly, there is a well-defined map E[m](K) → E˜[m](kv) obtained by
restriction of the reduction map E(K)→ E˜(kv). Next, this map is one-to-one,
having assumed that (m, p) = 1 and that E˜ is non-singular [43, Proposition 3.1,
p. 192]. Lastly, the Criterion of Ne´ron-Ogg-Shafarevich implies that the exten-
sion K(E[m])/K is unramified, having assumed good reduction and (m, p) = 1
[43, Theorem 7.1, p. 201]. It follows that, for any Q ∈ E[m](K), the degree of
the extension K(Q)/K is equal to its residue degree. Thus, a torsion point in
E˜[m](kv) can be lifted to a torsion point in E[m](K).
2.3 Elliptic curves over an algebraic number field
Let E be an elliptic curve over an algebraic number field K. Then, E admits
a Weierstrass equation of the form y2 = x3 + Ax + B, with A,B ∈ OK , where
OK denotes the integer ring of K. Indeed, E has a Weierstrass equation over
K of the form y2 = x3 − 27c4x− 54c6, with c4, c6 ∈ K [43, pp. 42–43]. Writing
c4 = C4/d and c6 = C6/d, with C4, C6, d ∈ OK , one obtains the Weierstrass
equation y2 = x3 − 27C4d3x − 54C6d5, upon replacing (x, y) by (x/d2, y/d3).
Thus, E has a Weierstrass equation of the form y2 = x3+Ax+B, upon taking
A = −27C4d3, B = −54C6d5 ∈ OK .
The elliptic curve E admits a global minimal Weierstrass equation with
coefficients in the integer ring of the Hilbert class field of K [43, Corollary 8.3,
p. 245].
We denote ΣE the set of places at which E has bad reduction. The set ΣE is
finite [43, Remark 1.3, p. 211]. We let ΣE,add (ΣE,mult) denote the (finite) sets
of places v such that E has additive (respectively, multiplicative) reduction at
v. We denote ΣE,p.g. the set of places at which E has potential good reduction
and ΣE,p.m. the set of primes at which E has potential multiplicative reduction.
Thus, there is a decomposition of ΣE into a disjoint union ΣE,p.g. ·∪ ΣE,p.m., with
ΣE,p.g. ⊆ ΣE,add and ΣE,mult ⊆ ΣE,p.m. (both inclusions are a consequence of
the other one). A place v of ΣE,add is in ΣE,p.g. if and only if v(j(E)) ≥ 0.
Here, the place v is identified with the discrete valuation on the completion of
K at v, Kv, that maps K
∗
v onto Z.
The following cases will be considered in Section 4.2:
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Case A: v | ℓ.
Case B: v ∤ ℓ and v 6∈ ΣE ; E has good reduction at v and ℓ is not equal to
the characteristic of the residue field of Kv.
Case C: v ∤ ℓ and v ∈ ΣE , with potential good reduction of E at v; i.e.,
v0 ∈ ΣE,p.g.. Then, v ∈ ΣE,add and v(j(E)) ≥ 0.
Case D: v ∤ ℓ and v ∈ ΣE , with no potential good reduction of E at v; i.e.,
v ∈ ΣE,p.m.. Then, v ∈ ΣE,add ∪ΣE,mult and v(j(E)) < 0.
In case A, E has good reduction at v | ℓ for all but finitely many primes ℓ.
Then, E has either supersingular or ordinary good reduction at v | ℓ, according
to whether the reduced elliptic curve E˜ is supersingular or ordinary.
2.4 Elliptic curves over Q
Let E be an elliptic curve over Q. Then, E admits a global minimal Weierstrass
equation (with coefficients in Z) [43, Corollary 8.3, p. 245]. It is also convenient
to consider a Weierstrass equation of the form y2 = x3+Ax+B, with A,B ∈ Z;
for instance, see [43, Corollary 7.2, p. 240].
One says [39, IV-2.1] that E/K has CM if for some finite extension FCM/K,
the endomorphism ring EndFCM(E) is an order O of an imaginary quadratic
extension KCM/Q [32, Section 5]. One may assume that FCM ⊇ KCM. Indeed,
if F ′ is a subfield of F , then EndF ′(E) ⊆ EndF (E), so that one may replace
FCM with the compositum KCMFCM, if necessary. In the case of a curve without
CM, the endomorphism ring EndC(E) is minimal; i.e., it is isomorphic to Z [43,
Corollary 9.4, p. 102].
Let E be an elliptic curve over Q with CM. Then, EndFCM(E) is of the form
O = Z + cOCM over some finite base field extension FCM/KCM, where OCM is
the integer ring of the imaginary quadratic field KCM, and c = 1, 2, or 3 [36].
Let ℓ be a prime number, and set L = Q(E[ℓ]). Based on [32, Corollary 5.13],
there exists an elliptic curveE′ defined overKCM, such that EndKCM(E
′) = OCM.
From [32, Proposition 5.3], one has EndFCM(E
′) = OCM and E[ℓ] ≈−→ E′[ℓ] as
Galois modules for any prime ℓ coprime with c, a condition satisfied if ℓ > 3.
This relation is obtained from a short exact sequence based on an isogeny:
0→ E[c]→ E(KCM)→ E′(KCM)→ 0, (39)
where E[c] denotes the group of c-torsion points of E. In particular, one deduces
the identities LFCM = FCM(E[ℓ]) = FCM(E
′[ℓ]). Then, using [32, Corollary 5.5],
one obtains an embedding of groups:
ϕ : Gal(LFCM/FCM) = Gal(FCM(E
′[ℓ])/FCM) →֒ (OCM/(ℓ))∗ , (40)
From (40), it follows that ℓ ∤ |Gal(Q(E[ℓ])/Q)| in the CM case, unless possi-
bly if ℓ ramifies in KCM or ℓ divides [FCM : Q]. In particular, Gal(Q(E[ℓ])/Q) is
not the full linear group for almost all primes ℓ, as |GL2(Fℓ)| is divisible by ℓ.
In contrast, in the non-CM case, the Galois group Gal(Q(E[ℓ])/Q) is the
full linear group for almost all primes ℓ [40, The´ore`me 2, p. 294]; i.e., the
representation ρ˜ℓ : G → GL2(Fℓ) obtained by Galois action on ℓ-torsion points
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is surjective for almost all primes ℓ. Moreover, sufficient conditions for the
isomorphism ρ˜ℓ : Gal(Q(E[ℓ])/Q)
≈−→ GL2(Fℓ) to hold at a specific prime ℓ are
presented in Serre’s work, together with several examples, in the case of semi-
stable curves [40, §5.4 and 5.5, p. 305–311], as well as non semi-stable curves
[40, §5.6 to 5.10, p. 311–323]. See also [23] for further results.
Note that from [39, Proposition, IV-19] and [40, The´ore`me 2, p. 294], one
has for almost all primes ℓ, an isomorphism Gal(Q(E[ℓn])/Q)
≈−→ GL2(Z/ℓnZ)
induced by ρℓ, for any n ≥ 1. Indeed, from [39, p. IV-18], the representation
ρℓ : G → GL2(Zℓ), obtained by Galois action on the Tate module Tℓ, composed
with the determinant map yields the cyclotomic character ψℓ, whose image is
Z∗ℓ (since the base field is Q). Setting X = SL2(Zℓ) ∩ Im(ρℓ), one obtains a
closed subgroup of SL2(Zℓ). Then, assuming that the image of X into SL2(Fℓ)
is equal to SL2(Fℓ), one concludes that Im(ρℓ) = SL2(Zℓ) whenever ℓ ≥ 5 [39,
Lemma 3, p. IV-23]. Altogether, one has:
ℓ ≥ 5 and Im(ρ˜ℓ) = GL2(Fℓ) =⇒ Im(ρℓ) = GL2(Zℓ). (41)
See [40, pp. 299–301].
We denote ΣE the set of primes at which E has bad reduction. The set ΣE
is finite [43, Remark 1.3, p. 211] and is non-empty [43, Exerc. 8.15, p. 264]. In
the case of curves without CM, Serre proved that the set of primes ℓ at which
E has ordinary good reduction has density 1 (c.f. [42, Corollaire 1, p. 189],
using [43, Exerc. 5.10, p. 154]). See also [43, Exerc. 5.11, p. 154] for a weaker
statement in the case of an arbitrary elliptic curve over Q. On the other hand,
Elkies proved that any elliptic curve over Q has infinitely many primes ℓ at
which E has supersingular good reduction [8].
If p is a prime of Z, ordp denotes the valuation on Qp such that ordp(p) = 1.
3 Liftings of points on reduced elliptic curves to
points with coordinates in specific algebraic
number fields
We collect in this section results on torsion points of elliptic curves that will be
useful in the sequel.
3.1 Torsion points over algebraic number fields
First of all, the following result on torsion points of elliptic curves over algebraic
number fields expresses [43, Theorem 7.1, p. 240] in a context relevant to this
work. Equation (42) follows from a result of Cassels; see [43, Theorem 3.4, p.
193]. Part b) is due to Lutz and Nagell independently in the case where K = Q;
see [43, Corollary 7.2, p. 240].
Lemma 3. Let E be an elliptic over an algebraic number field K, with Weier-
strass equation of the form y2 = x3 + Ax + B, where A,B ∈ OK . Let ℓ be a
prime number.
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a) Assume that ℓ > 3. Then, any non-trivial ℓn-torsion point P of E over
Q, where n ≥ 1, satisfies the conditions:
x(P ), y(P ) ∈ (ℓ)−1; (42)(
ℓy(P )
)2 | ∆′ℓ5, (43)
where (x(P ), y(P )) are the affine coordinates of P , ∆′ = 4A3 + 27B2, so that
∆ = −16∆′ is the discriminant of the Weierstrass equation, and the divisibility
condition holds in the integer ring On of Ln := K(E[ℓn]).
b) If ℓ is unramified in K, any non-trivial ℓn-torsion point P of E over K,
where n ≥ 1, satisfies the conditions:
x(P ), y(P ) ∈ OK ; (44)
y(P )2 | ∆′, (45)
where the divisibility condition holds in the integer ring OK of K.
Proof. Part a). The proof follows closely [43, pp. 240-241], but with some
modifications.
From [43, Theorem 7.1, p. 240], x(P ) and y(P ) are v-integral for any place
v ∤ ℓ of Ln. Moreover, from that result, if v | ℓ, then one has v(y(P )) ≥
−3v(ℓ)/(ℓ−1) > −v(ℓ) and v(x(P )) ≥ −2v(ℓ)/(ℓ−1) > −v(ℓ), having assumed
that ℓ ≥ 5. Therefore, x(P ), y(P ) ∈ (ℓ)−1.
Next, from [43, Sublemma 4.3, p. 222], one deduces the identity:
f(x(P ))φ(x(P )) − g(x(P ))ψ(x(P )) = ∆′, (46)
where 
f(X) = 3X2 + 4A;
φ(X) = X4 − 2AX2 − 8BX +A2;
g(X) = 3X3 − 5AX − 27B;
ψ(X) = X3 +AX +B;
∆′ = 4A3 + 27B2.
(47)
Note here that −16∆′ is the discriminant of the Weierstrass equation y2 =
x3 + Ax + B [43, p. 45]. But, one has the duplication identity, which can be
deduced from [43, p. 54], as ℓ 6= 2:
x([2]P ) =
φ(x(P ))
4ψ(x(P ))
. (48)
It follows that:
y(P )2
[
4f(x(P ))x([2]P )− g(x(P ))] = ∆′, (49)
since y(P )2 = ψ(x(P )). Now, multiplying by ℓ5, one obtains:(
ℓy(P )
)2
ℓ3
[
4f(x(P ))x([2]P )− g(x(P ))] = ∆′ℓ5. (50)
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But, ℓ3
[
4f(x(P ))x([2]P ) − g(x(P ))] is an integral element of Ln because both
ℓx(P ) and ℓx([2]P ) are integral elements. This proves part a).
Part b). If ℓ is unramified in K, then v(ℓ) = 1. Thus, the above conditions
v(y(P )) ≥ −3v(ℓ)/(ℓ− 1) > −v(ℓ) and v(x(P )) ≥ −2v(ℓ)/(ℓ− 1) > −v(ℓ) mean
that x(P ), y(P ) ∈ OK . This yields:(
y(P )
)2[
4f(x(P ))x([2]P )− g(x(P ))] = ∆′, (51)
where
[
4f(x(P ))x([2]P ) − g(x(P ))] ∈ OK . This proves part b).
Lemma 4. Let E be an elliptic curve over an algebraic number field K. Given
a prime number ℓ and a positive integer n, let Ln denote the field extension over
K obtained by adjoining the affine coordinates of all ℓn-torsion points of E.
a) Then, there is a group embedding:
0→ Gal(Ln/K)→ GL2 (Z/ℓnZ) . (52)
b) The latter group has order dividing ℓ(ℓ− 1)2(ℓ+ 1)ℓ4(n−1). In particular,
[Ln : K] divides ℓ(ℓ− 1)2(ℓ+ 1)ℓ4(n−1).
c) Let ℓi, i = 1, ..., ν, be distinct prime numbers, and let ni be positive
integers, i = 1, ..., ν. Set m =
∏ν
i=1 ℓ
ni
i . Let K(E[m]) be the field obtained by
adjoining over K the affine coordinates of all m-torsion points of E (so, Ln
means K(E[ℓn])). Then, there is a group embedding:
0→ Gal(K(E[m])/K)→
ν∏
i=1
GL2 (Z/ℓ
ni
i Z) . (53)
In particular, [K(E[m]) : K] divides the integer:
ν∏
i=1
ℓi(ℓi − 1)2(ℓi + 1)ℓ4(ni−1)i . (54)
Proof. Part a). Since Gal(Ln/K) acts faithfully on the finite group of ℓ
n-torsion
points E[ℓn], one has a group embedding:
0→ Gal(Ln/K)→ Aut (E[ℓn]) . (55)
Since E[ℓn] is isomorphic to Z/ℓnZ⊕Z/ℓnZ [43, Corollary 6.4, p. 86], it follows
that
Aut (E[ℓn])
≈−→ GL2 (Z/ℓnZ) . (56)
Part b). One has an exact sequence of groups:
0→ I + ℓMat2 (Z/ℓnZ)→ GL2 (Z/ℓnZ) π∗−→ GL2 (Fℓ) , (57)
where I denotes the 2×2 identity matrix over Z/ℓnZ, and the map π∗ is induced
by the projection of rings π : Z/ℓnZ → Z/ℓZ ≈ Fℓ. But the rightmost factor
GL2 (Fℓ) has order (ℓ
2 − 1)(ℓ2 − ℓ) = ℓ(ℓ − 1)2(ℓ + 1), whereas the left most
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factor I + ℓMat2 (Z/ℓ
nZ) has order
(
ℓn−1
)4
. Thus, the order of GL2 (Z/ℓ
nZ)
divides ℓ(ℓ− 1)2(ℓ+ 1)ℓ4(n−1). Lastly, part a) implies that [Ln : K] divides the
order of GL2 (Z/ℓ
nZ).
Part c). Generalizing the proof of part a), one has a group embedding:
0→ Gal(K(E[m])/K)→ Aut (E[m]) ≈−→ GL2 (Z/mZ) , (58)
since Gal(K(E[m])/K) acts faithfully on E[m], which is isomorphic to Z/mZ⊕
Z/mZ [43, Corollary 6.4, p. 86]. But then, the isomorphism of rings Z/mZ
≈−→∏ν
i=1 Z/ℓ
ni
i Z (from the Chinese Remainder Theorem) yields an isomorphism:
GL2 (Z/mZ)
≈−→
ν∏
i=1
GL2 (Z/ℓ
ni
i Z) . (59)
Now, use part b) on each factor of the right-hand side of this equation.
Remark 2. Recall from [42, §4.2, pp. 151–152] that the Galois group of the
infinite extension L∞/Q obtained by adjoining over Q the affine coordinates of
all ℓn-torsion points of E, where n ≥ 1, is an ℓ-adic Lie group. Indeed, one
has an embedding ρℓ : Gal(L∞/Q) →֒ GL2(Zℓ) obtained by Galois action on
the Tate module lim←−E[ℓ
n]. Its dimension N is at least 2 and at most 4, since
E[ℓn] ≈ Z/ℓnZ ⊕ Z/ℓn for all n ≥ 1. Then, Lemma 4 shows that [Ln : Q] is of
the form bℓnN , for some integer b dividing (ℓ − 1)2(ℓ + 1)ℓβ , with β ≥ 0. See
Appendix A for an expression of the different of the extension Ln/Q based on
a theorem of Sen [35] that was conjectured by Serre [38].
3.2 Multiplication by positive integers in elliptic curves
We consider an elliptic curve E over a field K, with Weierstrass equation y2 =
x3 +Ax+B.
We consider multiplication by a positive integer n in E(K), where K is a
field. For this purpose, we recall from [20, 34] the polynomials over Z[A,B]
(note that in [34], these polynomials are considered over a finite field):
Ψ−1(X,Y ) = −1;
Ψ0(X,Y ) = 0;
Ψ1(X,Y ) = 1;
Ψ2(X,Y ) = 2Y ;
Ψ3(X,Y ) = 3X
4 + 6AX2 + 12BX −A2;
Ψ4(X,Y ) = 4Y (X
6 + 5AX4 + 20BX3 − 5A2X2 − 4ABX − 8B2 −A3).
(60)
Then, one has the recursion formulae for n ≥ 1:{
Ψ2n(X,Y ) = Ψn(X,Y )
(
Ψn+2(X,Y )Ψ
2
n−1(X,Y )−Ψn−2(X,Y )Ψ2n+1(X,Y )
)
/2Y ;
Ψ2n+1(X,Y ) = Ψn+2(X,Y )Ψ
3
n(X,Y )−Ψ3n+1(X,Y )Ψn−1(X,Y ).
(61)
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As in [34], we denote Ψ′n(X,Y ) the polynomial obtained from Ψn(X,Y ) by
replacing Y 2 with X3 +AX +B. Then, it turns out that:{
fn(X) = Ψ
′
n(X,Y ), n odd;
fn(X) = Ψ
′
n(X,Y )/Y, n even,
(62)
are polynomials in X . From [20, pp. 37–38], fn(X) ∈ 2Z[X ] for n even.
Moreover, from [34, p. 486], it follows that for any n ≥ 1, one has:{
fn(X) = cX
(n2−1)/2 + · · ·, n odd;
fn(X) = cX
(n2−4)/2 + · · ·, n even, (63)
for some element c 6= 0 in K.
One can also show, with P = (x, y), that:
[n]P = O ⇐⇒ fn(x) = 0, (64)
assuming that [2]P 6= O [34, Proposition (2.1)]. One also has [20, Chapter II]:
[n]P = O ⇐⇒ (Ψ′n(x, y))2 = 0, (65)
for P 6= O.
Then, one has:
x([n]P ) = x− Ψ
′
n−1(x, y)Ψ
′
n+1(x, y)
(Ψ′n(x, y))
2 ; (66)
and
y([n]P ) =
Ψ′n+2(x, y)
(
Ψ′n−1(x, y)
)2 −Ψ′n−2(x, y) (Ψ′n+1(x, y))2
4y (Ψ′n(x, y))
3 , (67)
where P = (x, y), assuming that [n]P 6= O; see [20, Theorem 2.1, p. 38] and
[34, Proposition (2.2)].
The following result refines Eq. (63) (i.e., [34, p. 486]) and [20, Theorem
2.1, p. 38].
Lemma 5. For any n ≥ 1, one has:{
fn(X) = nX
(n2−1)/2 + cX(n
2−1)/2−2 + · · ·, n odd;
fn(X) = nX
(n2−4)/2 + cX(n
2−4)/2−2 + · · ·, n even. (68)
for some c ∈ Z[A,B] depending on n.
Proof. The proof is by induction on n ≥ 1.
The result is obviously true for n = 1, 2, since f1(X) = 1 and f2(X) is equal
to 2. It is also true for n = 3, since f3(X) = 3X
4 + 6AX2 + 12BX − A2. For
n = 4, one has:
f4(X) = 4(X
6 + 5AX4 + 20BX3 − 5A2X2 − 4ABX − 8B2 −A3), (69)
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so that the result is true.
Assume by induction hypothesis that the result is true for any 1 ≤ n′ < n,
for some integer n ≥ 5.
Case 1: n = 2m, with m ≥ 4 even. Then, one computes:
fn(X) = Ψ
′
2m(X,Y )/Y
= Ψ′m(X,Y )
(
Ψ′m+2(X,Y )(Ψ
′
m−1(X,Y ))
2 −Ψ′m−2(X,Y )(Ψ′m+1(X,Y ))2
)
/2Y 2
= fm(X)Y
(
fm+2(X)Y f
2
m−1(X)− fm−2(X)Y f2m+1(X)
)
/2Y 2
= fm(X)
(
fm+2(X)f
2
m−1(X)− fm−2(X)f2m+1(X)
)
/2. (70)
We have:{
deg(fm+2(X)f
2
m−1(X)) =
1
2 ((m+ 2)
2 − 4) + ((m− 1)2 − 1) = 32m2;
lc(fm+2(X)f
2
m−1(X)) = (m+ 2)(m− 1)2 = m3 − 3m+ 2,
(71)
and{
deg(fm−2(X)f
2
m+1(X)) =
1
2 ((m− 2)2 − 4) + ((m+ 1)2 − 1) = 32m2;
lc(fm−2(X)f
2
m+1(X)) = (m− 2)(m+ 1)2 = m3 − 3m− 2,
(72)
where lc(f(X)) denotes here the leading coefficient of polynomial f(X). We
also let lc−(f(X)) denote the next coefficient. So, if deg(f(X)) = d, one has
f(X) = lc(f(X))Xd+lc−(f(X))X
d−1+···. Thus, one has lc(fn(X)) = 2m = n,
lc−(fn(X)) = 0, and deg(fn(X)) = (n
2 − 4)/2.
Case 2: n = 2m, with m ≥ 3 odd. Then, one computes:
fn(X) = Ψ
′
2m(X,Y )/Y
= Ψ′m(X,Y )
(
Ψ′m+2(X,Y )(Ψ
′
m−1(X,Y ))
2 −Ψ′m−2(X,Y )(Ψ′m+1(X,Y ))2
)
/2Y 2
= fm(X)
(
fm+2(X)f
2
m−1(X)Y
2 − fm−2(X)f2m+1(X)Y 2
)
/2Y 2
= fm(X)
(
fm+2(X)f
2
m−1(X)− fm−2(X)f2m+1(X)
)
/2. (73)
We have:
deg(fm+2(X)f
2
m−1(X)) =
1
2
((m+2)2− 1)+ ((m− 1)2− 4) = 3
2
(m2− 1), (74)
and
deg(fm−2(X)f
2
m+1(X)) =
1
2
((m− 2)2− 1)+ ((m+1)2− 4) = 3
2
(m2− 1), (75)
with leading coefficients as in Case 1. Thus, lc(fn(X)) = 2m = n, lc−(fn(X)) =
0, and deg(fn(X)) = (n
2 − 4)/2.
Case 3: n = 2m+ 1, with m ≥ 2 even. Then, one computes:
fn(X) = Ψ
′
2m+1(X,Y )
= Ψ′m+2(X,Y )(Ψ
′
m(X,Y ))
3 − (Ψ′m+1(X,Y ))3Ψ′m−1(X,Y )
= fm+2(X)Y (fm(X)Y )
3 − f3m+1(X)fm−1(X)
= fm+2(X)f
3
m(X)(X
3 +AX +B)2 − f3m+1(X)fm−1(X). (76)
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We have:
deg(fm+2(X)f
3
m(X)(X
3 +AX +B)2) = 12 ((m+ 2)
2 − 4) + 32 (m2 − 4) + 6
= 2m2 + 2m;
lc(fm+2(X)f
3
m(X)(X
3 +AX +B)2) = (m+ 2)m3 = m4 + 2m3,
(77)
and{
deg(f3m+1(X)fm−1(X)) =
3
2 ((m+ 1)
2 − 1) + 12 ((m− 1)2 − 1) = 2m2 + 2m;
lc(f3m+1(X)fm−1(X)) = (m+ 1)
3(m− 1) = m4 + 2m3 − 2m− 1.
(78)
So, one has lc(fn(X)) = 2m + 1 = n, lc−(fn(X)) = 0, and deg(fn(X)) =
(n2 − 1)/2.
Case 4: n = 2m+ 1, with m ≥ 3 odd. Then, one computes:
fn(X) = Ψ
′
2m+1(X,Y )
= Ψ′m+2(X,Y )(Ψ
′
m(X,Y ))
3 − (Ψ′m+1(X,Y ))3Ψ′m−1(X,Y )
= fm+2(X)f
3
m(X)− (fm+1(X)Y )3(X)fm−1(X)Y
= fm+2(X)f
3
m(X)− f3m+1(X)fm−1(X)(X3 +AX +B)2. (79)
We have:
deg(fm+2(X)f
3
m(X) =
1
2
((m+ 2)2 − 1) + 3
2
(m2 − 1) = 2m2 + 2m, (80)
and
deg(f3m+1(X)fm−1(X)(X
3 +AX +B)2)
=
3
2
((m+ 1)2 − 4) + 1
2
((m− 1)2 − 4) + 6 = 2m2 + 2m, (81)
with same leading coefficients as in Case 3. So, one has lc(fn(X)) = 2m+1 = n,
lc−(fn(X)) = 0, and deg(fn(X)) = (n
2 − 1)/2.
We obtain the following refinement of [20, Theorem 2.1, ii, p. 38].
Corollary 3. Let E be an elliptic curve with Weierstrass equation of the form
y2 = x3 +Ax+B. For any n ≥ 1, one has in Z[X,A,B]:
(Ψ′n(X,Y ))
2 = n2Xn
2−1 + cXn
2−3 + · · ·. (82)
for some c ∈ Z[A,B] depending on n.
Proof. For n odd, one has directly from Lemma 5:
(Ψ′n(X,Y ))
2 = f2n(X) = n
2Xn
2−1 + cXn
2−3 + · · ·, (83)
For n even, one has:
(Ψ′n(X,Y ))
2 = f2n(X)Y
2 = (n2Xn
2−4 + c′Xn
2−6 + · · ·)(X3 +AX +B)
= n2Xn
2−1 + (c′ + n2A)Xn
2−3 + · · ·, (84)
as was to be shown, taking c = c′ + n2A.
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Corollary 4. For any prime ℓ > 2 and integer n > 1, one has in Z[X,A,B]:
(Ψ′ℓn(X,Y ))
2
(Ψ′ℓn−1(X,Y ))
2
= ℓ2Xℓ
2n−2(ℓ2−1) + cXℓ
2n−2(ℓ2−1)−2 + · · ·, (85)
for some c ∈ Z[A,B] depending on ℓn.
Proof. Any ℓn−1-torsion point is also an ℓn-torsion point. Therefore, the poly-
nomial (Ψ′ℓn−1(X,Y ))
2 divides (Ψ′ℓn(X,Y ))
2. From [20, Theorem 2.2-iii, p. 39],
the quotient of these two polynomials is actually in Z[X,A,B]. One then com-
putes directly from Corollary 3:
(Ψ′ℓn(X,Y ))
2
(Ψ′ℓn−1(X,Y ))
2
=
ℓ2nXℓ
2n−1 + c1X
ℓ2n−3 + · · ·
ℓ2n−2Xℓ2n−2−1 + c2Xℓ
2n−2−3 + · · ·
= ℓ2Xℓ
2n−2(ℓ2−1) + cXℓ
2n−2(ℓ2−1)−2 + · · ·, (86)
as was to be shown.
Corollary 5. For any m ≥ 1 and any element λ in a field K containing A and
B, one has in K[X ]:
Φm(X,λ) := (X − λ)(Ψ′m(X,Y ))2 −Ψ′m−1(X,Y )Ψ′m+1(X,Y )
= Xm
2 − λm2Xm2−1 + · · ·. (87)
Proof. For m odd, one has:
(X − λ)(Ψ′m(X,Y ))2 −Ψ′m−1(X,Y )Ψ′m+1(X,Y )
= (X − λ)f2m(X)− fm−1(X)Y fm+1(X)Y
= (X − λ)f2m(X)− fm−1(X)fm+1(X)(X3 +AX +B), (88)
which shows the result using Lemma 5. For m even, one has:
(X − λ)(Ψ′m(X,Y ))2 −Ψ′m−1(X,Y )Ψ′m+1(X,Y )
= (X − λ)f2m(X)Y 2 − fm−1(X)fm+1(X)
= (X − λ)f2m(X)(X3 +AX +B)− fm−1(X)fm+1(X), (89)
which implies the result in that case.
3.3 Torsion points over Q in the non-CM case
In this section, we consider non-CM elliptic curves E over Q, with Weierstrass
equation y2 = x3 +Ax+B, where A,B ∈ Z.
Under these assumptions, the next results can be applied to almost all primes
ℓ, based on results of Serre. Namely, from [39, Proposition, IV-19] and [40,
The´ore`me 2, p. 294], one has for almost all prime numbers ℓ, the isomorphism
ρℓ : Gal(L∞/Q)
≈−→ GL2(Zℓ). The condition Gal(L∞/Q) ≈ GL2(Zℓ), for a
given ℓ, is clearly equivalent to the condition Gal(Ln/Q) ≈ GL2(Z/ℓnZ) for any
n ≥ 1. Moreover, the latter condition for a given n > 1 implies the condition
for all 1 ≤ n′ < n.
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Corollary 6. Let E be an elliptic curve over Q without CM. Let y2 = x3+Ax+
B be a Weierstrass equation for E, with A,B ∈ Z. Given a prime number ℓ > 2
and an integer n ≥ 1, set Ln = Q(E[ℓn]) and trn = trLn/Q, the trace map of Ln
over Q. Assume that ρℓ induces an isomorphism Gal(Ln/Q)
≈−→ GL2(Z/ℓnZ).
Then, one has:
trn(xn) = 0, (90)
for any primitive ℓn-torsion point Pn of E, xn denoting its x-coordinate.
Proof. From the assumption on ℓ, all primitive ℓn-torsion points of E are con-
jugates. But there are ℓ2n− ℓ2(n−1) of them, which yields d = (ℓ2n− ℓ2(n−1))/2
distinct x-coordinates. Now, the polynomial appearing in Corollary 4 is of
the form (gℓn(X))
2
, where gℓn(X) := fℓn(X)/fℓn−1(X) has degree d. Thus,
the polynomial gℓn(X) is the irreducible polynomial of xn. As the coefficient
of Xd−1 in this polynomial is equal to 0 (using Corollary 4), it follows that
trK/Q(xn) = 0, where K is the splitting field of xn. Then, one computes:
trn(xn) = [Ln : K] trK/Q(xn) = 0.
Corollary 7. Let E be an elliptic curve over Q without CM. Let y2 = x3+Ax+
B be a Weierstrass equation for E, with A,B ∈ Z. Given a prime number ℓ > 2
and an integer n > 1, set Ln = Q(E[ℓ
n]) and trn,n−1 = trLn/Ln−1 , the trace
map of Ln over Ln−1. Assume that ρℓ induces an isomorphism Gal(Ln/Q)
≈−→
GL2(Z/ℓ
nZ).
Then, one has [Ln : Ln−1] = ℓ
4, and the following identity holds:
trn,n−1(xn)
[Ln : Ln−1]
= xn−1, (91)
for any primitive ℓn-torsion point Pn of E, xn and xn−1 denoting the x-coordinate
of Pn and [ℓ]Pn, respectively. In particular, xn − xn−1 ∈ Ker trn,n−1.
Proof. Given n > 1, let Pn be a primitive ℓ
n-torsion point of E, and set Pn−1 :=
[ℓ]Pn and xn−1 = x(Pn−1). The roots of the polynomial Φℓ(X, xn−1) appearing
in Corollary 5, where we take λ = xn−1 ∈ Ln−1 andm = ℓ, are the x-coordinates
of the solutions P to the equation [ℓ]P = ±Pn−1. Since P and −P have the
same x-coordinate, we may restrict to the solutions of [ℓ]P = Pn−1. There are
ℓ2 solutions to this equation; namely P = Pn + Q, where Q is an ℓ-torsion
point. This yields ℓ2 distinct x-coordinates, since Pn +Q = ±(Pn +Q′) yields
Q = Q′, or else [2]Pn = −Q − Q′, which is excluded since ℓ 6= 2 and n > 1.
Now, ℓ2 is the degree of the polynomial Φℓ(X, xn−1). From the assumption on
the Galois group, it follows that the solutions to [ℓ]P = Pn−1 are conjugates,
and hence that the roots of Φℓ(X, xn−1) are conjugates. Therefore, Φℓ(X, xn−1)
is the minimal polynomial of xn over Ln−1. We conclude that trK/Ln−1(xn) =
ℓ2xn−1, where K is the splitting field of xn over Ln−1. Thus, one obtains
trn,n−1(xn) = [Ln : K]ℓ
2xn−1. But then, [Ln : Ln−1] = ℓ
4 from the assumption
on the Galois group, whereas [K : Ln−1] = ℓ
2 from above. Thus, [Ln : K] = ℓ
2
and the result is shown.
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In the next result, we consider a place v of Q, either p-adic or Archimedean,
and pick the canonical norm |·|v such that |p|v = p−1 if v is the non-Archimedean
place associated to a prime p, or | · |v is the absolute value of a real number,
if v is the Archimedean place. See [21, pp. 34–35]. One then has the product
formula [21, p. 99]: ∏
v
|x|v = 1, (92)
for any rational number x, where the product covers all canonical places of Q.
If K is an algebraic field, we consider for each place w lying above a place
v of Q, the unique norm that extends | · |v. Namely, if w is non-Archimedean,
one defines:
|x|w = p−w(x)/ew , (93)
where w is viewed as the discrete valuation associated to the place w, p is the
prime number lying below w, and ew denotes the absolute ramification index of
p in Kw. If w is Archimedean, | · |w denotes the absolute value if Kw = R, or
the complex modulus if Kw = C. See [21, p. 35 and p. 99] for the alternative
norm ‖x‖w = |x|[Kw :Qv]w and the corresponding product formula, which is not
used here.
We now introduce a topology on E(C) as follows. Adapting [43, Exerc. 7.6,
pp. 203–204], we consider the Euclidean topology on C defined by the complex
modulus | · |. Then, we consider the product topology on the affine space A2(C).
Next, for each 0 ≤ i ≤ 2, there is an inclusion φi : A2(C) → P2(C) [43, p.
9]. This allows gluing together the product spaces φi(A
2(C)), i = 0, 1, 2. In
this manner, we obtain a topology naturally defined on P2(C), and hence on
E(C) →֒ P2(C) based on a homogeneous equation y2z = x3 + Axz2 + Bz3 for
E. Note that E(C) is a Hausdorff space, so that a sequence of points in this
topological space has at most one limit.
In the following result, we use the fact that the polynomial X3+AX+B has
three distinct roots, since an elliptic curve is non-singular; equivalently, since
its discriminant ∆ does not vanish.
Proposition 2. Let E be an elliptic curve over Q, having Weierstrass equation
y2 = x3 +Ax+B, with A,B ∈ Z. Given a prime number ℓ, set Ln = Q(E[ℓn])
and trn = trLn/Q.
a) Then, for all prime numbers ℓ > 3 not dividing ∆′, and for any integer
n ≥ 1, one has: ∣∣∣ trn(αn)
[Ln : Q]
∣∣∣
v
≤ C∗,v, (94)
for any primitive ℓn-torsion point Pn of E, where αn = ℓ
3∆′/y2(Pn), and any
place v 6= ℓ of Q, for some constant C∗,v > 0 depending only on A and B, the
prime ℓ and the place v. Namely, one has explicitly:
i) : C∗,q = |(ℓ − 1)−2(ℓ+ 1)−1|q, if q 6= ℓ; (95)
ii) : C∗,∞ = |∆′|ℓ3max
(
2, 1/δ3
)
, (96)
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where the constant δ > 0 is the minimal distance between x-coordinates xn and
e1 of any primitive ℓ
n- and 2-torsion points, respectively, of E(C), such that
|xn| <
√
2(|A|+ |B|).
b) Let E be a non-CM curve, and assume that ρℓ induces an isomorphism
Gal(Q(E[ℓn])/Q)
≈−→ GL2(Z/ℓnZ) for any n ≥ 1, where ℓ > 3 is a prime
number. Then, trn(αn)/[Ln : Q] has only finitely many values for all n ≥ 1 (ℓ
being fixed). Moreover, (94) then also holds for the ℓ-adic norm, taking:
iii) : C∗,ℓ = max
n=1,2;αn
∣∣∣ trn(αn)
[Ln : Q]
∣∣∣
ℓ
<∞. (97)
Similar estimates also hold for the other norms.
Proof. Step 1. Let us fix the prime ℓ > 3, the integer n ≥ 1, and the primitive
ℓn-torsion point Pn with x and y-coordinates xn = x(Pn) and yn = y(Pn),
respectively. We set αn = ℓ
3∆′/y2n. We assume that ℓ ∤ ∆
′.
Step 2. We consider first the case where v is a non-Archimedean place of Q
corresponding to a prime number q 6= ℓ. Since αn is a divisor of ℓ5∆′, it follows
that trn(αn) is an integer. Therefore, one obtains:∣∣∣ trn(αn)
[Ln : Q]
∣∣∣
q
≤ |(ℓ− 1)−2(ℓ+ 1)−1|q, (98)
using Lemma 4, which proves inequality i).
Step 3. Next, fix a place w of Ln lying above the Archimedean place v =∞ of
Q; equivalently, w corresponds to an embedding ξ : Q →֒ C, with |x|w = |ξ(x)|.
We set C1 := max
(
1,
√
2(|A|w + |B|w)
)
=
√
2(|A|+ |B|). Then, one has for
|xn|w ≥ 1:
|x3n+Axn+B| ≥ |x|3w − |A|w|xn|w − |B|w ≥ |xn|3w − (|A|w + |B|w) |xn|w. (99)
Assuming also that |xn|w ≥
√
2(|A|w + |B|w), one obtains |xn|2w/2 ≥ (|A|w +
|B|w), which yields:
|xn|3w − (|A|w + |B|w) |xn|w ≥ |xn|3w/2. (100)
Altogether, the lower bound |xn|w ≥ C1 implies the inequality:∣∣∣ ∆′ℓ3
(x3n +Axn +B)
∣∣∣
w
≤ |∆
′|ℓ3
|xn|3w/2
≤ 2|∆′|ℓ3. (101)
Step 4. We are left with the case where the norm |xn|w corresponding to
an Archimedean place w of Ln, is within the bound C1. Let S denote the
set of elements xn such that |xn|w < C1. We then need a lower bound for
|x3n +Axn +B|w, whenever xn ∈ S.
Step 5. Assume that the set S of step 4 is finite.
Then, if any element xn of S is equal to a root of X
3 +AX +B, the point
(xn, 0) is a 2-torsion point of E(Q), which contradicts the assumption that xn
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is the x-coordinate of a primitive ℓn-torsion point, as ℓ 6= 2. Therefore, these
elements xn are away from the roots of X
3 +AX +B, say by a distance δ > 0,
which implies that 1/(x3n + Axn + B) remains bounded on S. Therefore, one
obtains: ∣∣∣ ∆′ℓ3
(x3n +Axn +B)
∣∣∣
w
≤ |∆′|ℓ3/δ3, (102)
for all elements xn ∈ S. In that case, one concludes that:∣∣∣ trn(αn)
[Ln : Q]
∣∣∣ ≤ |∆′|ℓ3max (2, 1/δ3) , (103)
making use of step 3.
Step 6. Next, we consider the case where the set S of step 4 is infinite. At
this point, we make use of the topology defined above on E(C) →֒ P2(C), and
we identify E(Q) with its image under the embedding ξ : E(Q) →֒ E(C).
As S is bounded, there exists an accumulation point x∗∗ ∈ C of S such that
|x∗∗| ≤ C1. Thus, limk→∞ ξ(xnk ) = x∗∗ for some sequence {xnk}.
If the point x∗∗ is of the form ξ(x∗), where x∗ := e1 is a root ofX
3+AX+B =
(X − e1)(X − e2)(X − e3), then P∗ = (x∗, 0) is a 2-torsion point of E(Q). Since
ℓ 6= 2, one has [ℓ]P∗ = P∗. But, from (66), one has:
x([ℓ]P∗) = x∗ −
Ψ′ℓ−1(x∗, 0)Ψ
′
ℓ+1(x∗, 0)
(Ψ′ℓ(x∗, 0))
2 , (104)
knowing that the denominator (Ψ′ℓ(x∗, 0))
2
does not vanish, since ℓ 6= 2. Thus,
one concludes that Ψ′ℓ−1(x∗, 0)Ψ
′
ℓ+1(x∗, 0) = 0.
We also have:
x([ℓ]Pn) = xn −
Ψ′ℓ−1(xn, yn)Ψ
′
ℓ+1(xn, yn)
(Ψ′ℓ(xn, yn))
2 , (105)
assuming that n > 1. This yields:
|Ψ′ℓ−1(xn, yn)Ψ′ℓ+1(xn, yn)|w
= |Ψ′ℓ−1(xn, yn)Ψ′ℓ+1(xn, yn)−Ψ′ℓ−1(x∗, 0)Ψ′ℓ+1(x∗, 0)|w
≤ C|xn − x∗|w, (106)
for some constant C > 0, since |xn|w ≤ C1. We thus conclude that:
|xnk − x([ℓ]Pnk)|w =
∣∣∣Ψ′ℓ−1(xn, yn)Ψ′ℓ+1(xn, yn)
(Ψ′ℓ(xn, yn))
2
∣∣∣
w
≤ C′|xnk − x∗|w, (107)
for some constant C′ > 0. In particular, one has limk→∞ x([1 − ℓ]Pnk) = 0.
Therefore, for some infinite sequence {Pnk} of primitive ℓnk -torsion points, one
has both limk→∞ Pnk = P∗, and limk→∞[1− ℓ]Pnk = (0,
√
B, 1) or limk→∞[1−
ℓ]Pnk = (0,−
√
B, 1).
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We now show that limk→∞[1 − ℓ]Pnk = O, based on the assumption that
limk→∞ Pnk is the 2-torsion point P∗, which will yield a contradiction. For this
purpose, we compute the (x, y)-coordinates of Qn := Pn[−]P∗ = P∗[+]Pn [43,
pp. 53–54]. Since Pn 6= P∗ and a1 = a2 = a3 = 0, one has:
P∗ = (e1, 0); Pnk = (xnk , ynk);
λnk =
ynk
(xnk−e1)
;
νnk =
−ynke1
(xnk−e1)
= −λnke1;
x(Qnk) = λ
2
nk
− xnk − e1;
y(Qnk) = −λnkx(Qnk)− νnk = −λnk
(
λ2nk − xnk − 2e1
)
.
(108)
One develops:
λ2nk =
x3nk +Axnk +B
(xnk − e1)2
=
(xnk − e2)(xnk − e3)
(xnk − e1)
, (109)
where e2 and e3 are the two other roots of X
3 +AX + B. Since e2, e3 6= e1 by
non-singularity of E, one obtains limk→∞ |λnk |w =∞, and henceforth:
x(Qnk)
y(Qnk )
= − λ
2
nk
−xnk−e1
λnk(λ2nk−xnk−2e1)
→ 0, as k →∞;
1
y(Qnk )
= − 1
λnk(λ2nk−xnk−2e1)
→ 0, as k →∞.
(110)
Thus, limk→∞Qnk = O, as expected. Here, we have thus used the (x, z)-
coordinates of Qnk .
Next, based on (66) and (67), one has:x([a]Qnk) =
x(Ψ′a)
2−Ψ′a+1Ψ
′
a−1
(Ψ′a)
2 ;
y([a]Qnk) =
Ψ′a+2(Ψ
′
a−1)
2−Ψ′a−2(Ψ
′
a+1)
2
4y(Ψ′a)
3 ,
(111)
where y stands for y(Qnk) and a = ℓ− 1, which is an even integer since ℓ 6= 2.
Now, one computes, based on Lemma 5:(
Ψ′a+2(Ψ
′
a−1)
2 −Ψ′a−2(Ψ′a+1)2
)
/(4y) =
(
fa+2(fa−1)
2 − fa−2(fa+1)2
)
/4
=
(
4x3a
2/2 + terms of lower degree
)
/4.
(112)
One also has:
(Ψ′a)
3 = (fa)
3y3
=
(
a3x3a
2/2−6 + terms of lower degree
)
y3. (113)
This yields:
y([a]Qnk) =
(
x3a
2/2 + terms of lower degree
)
(
a3x3a2/2−6 + terms of lower degree
)
y3
∼ 1
a3
x6
y3
, (114)
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where x stands for x(Qnk). It follows that:
1
y([a]Qnk)
∼ a3 y
3
x6
∼ −a3λ
9
nk
λ12nk
, (115)
which yields:
lim
k→∞
1
y([a]Qnk)
= 0, (116)
since limk→∞ |λnk |w =∞.
One shows similarly that:
lim
k→∞
x([a]Qnk)
y([a]Qnk)
= 0. (117)
Namely, one has from Lemma 5:
x(Ψ′a)
2 −Ψ′a+1Ψ′a−1 = x(x3 +Ax +B)(fa)2 − fa+1fa−1
=
(
xa
2
+ terms of lower degree
)
.
(118)
One also has:
(Ψ′a)
2 = (fa)
2y2
=
(
a2xa
2−4 + terms of lower degree
)
y2. (119)
This yields:
x([a]Qnk) =
(
xa
2
+ terms of lower degree
)
(
a2xa2−4 + terms of lower degree
)
y2
∼ 1
a2
x4
y2
, (120)
so that:
x([a]Qnk)
y([a]Qnk)
∼ a y
x2
∼ −aλ
3
nk
λ4nk
. (121)
One concludes that limk→∞[a]Qnk = O; i.e., limk→∞[a]Pnk = O, since a is
an even integer, as ℓ 6= 2, and P∗ is a 2-torsion point. Henceforth, one obtains
limk→∞[1 − ℓ]Pnk = O because [1 − ℓ]Pnk = (x([ℓ − 1]Pnk),−y([ℓ − 1]Pnk))
as a1 = a3 = 0 [43, p. 53]. But on the other hand, from above, one has
limk→∞[1− ℓ]Pnk = (0,±
√
B, 1) 6= O, a contradiction.
Therefore, no root of X3+AX +B can be an accumulation point of the set
S. This means that |xn − e1|w ≥ δ, for some constant δ > 0, for any n ≥ 1 and
any root e1 of X
3 + AX + B. This completes the proof of inequality ii), since
(103) is then valid.
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Step 7. Part a) being proved, we now show part b) under the assumptions
on E and ℓ stated in the proposition.
Let F/Q be the normal closure of the extension obtained by adjoining the
roots ei, i = 1, 2, 3, of X
3 + AX + B. Thus, [F : Q] | 6. Consider L′n = LnF ,
and let tr′n,n−1 denote the trace map of the relative extension L
′
n/L
′
n−1. Note
that Ln and L
′
n−1 are linearly disjoint over Ln−1, since [Ln : Ln−1] = ℓ
4 and
[L′n−1 : Ln−1] | 6, as ℓ > 3 by assumption.
Since xn is a root of the polynomial fℓn(X), whereas any root ei of X
3 +
AX +B is not, as ℓ 6= 2, it follows that xn − ei 6= 0. One then computes:
1
x3n +Axn +B
=
1
(xn − e1)(xn − e2)(xn − e3)
=
3∑
i=1
Ai
(xn − ei) , (122)
where the coefficients Ai = Ai(e1, e2, e3), i = 1, 2, 3, belong to F . Concretely,
one has: 
A1 = − 1(e1−e3)(e2−e1) ;
A2 = − 1(e3−e2)(e3−e1) ;
A3 = − 1(e3−e2)(e1−e3) .
(123)
Thus, one obtains:
tr′n,n−1 (αn) = ∆
′ℓ3
{ 3∑
i=1
Ai tr
′
n,n−1
( 1
(xn − ei)
)}
. (124)
Step 8. We consider the polynomial of Corollary 5, taking m = ℓ and
λ = xn−1:
Φℓ(X, xn−1) = (X − xn−1) f2ℓ (X)− fℓ−1(X)fℓ+1(X)
(
X3 +AX +B
)
:=
ℓ2∑
j=0
ajX
j. (125)
We observe that Φℓ(X + ei, xn−1) is the minimal polynomial of xn− ei over
L′n−1. Furthermore, dividing Φℓ(X + ei, xn−1) by X
ℓ2 and making the change
of variable Y := 1/X , one obtains the polynomial:
ℓ2∑
j=0
aj(X + ei)
jX−jX−(ℓ
2−j) =
ℓ2∑
j=0
aj(1 + eiY )
jY ℓ
2−j , (126)
which is the minimal polynomial of 1/(xn − ei) over L′n−1.
We then obtain the trace tr′n,n−1 of 1/(xn − ei) as the coefficient of the
monomial −Y ℓ2−1, which is:
−
ℓ2∑
j=1
ajje
j−1
i = −
d
dX
Φ′ℓ(X, xn−1)
∣∣∣
X=ei
. (127)
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But then, one computes:
d
dX
Φ′ℓ(X, xn−1)
∣∣∣
X=ei
= f2ℓ (ei) + (ei − xn−1)2fℓ(ei)
d
dX
fℓ(X)
∣∣∣
X=ei
− fℓ−1(ei)fℓ+1(ei)(3e2i +A),
(128)
since e3i + Aei +B = 0. Therefore, one obtains:
tr′n,n−1 (αn)
= −∆′ℓ3
{ 3∑
i=1
Ai
(
f2ℓ (ei) + 2eifℓ(ei)
d
dX
fℓ(X)
∣∣∣
X=ei
− fℓ−1(ei)fℓ+1(ei)(3e2i +A)
)}
+∆′ℓ3
{ 3∑
i=1
Ai
(
2xn−1fℓ(ei)
d
dX
fℓ(X)
∣∣∣
X=ei
)}
(129)
Applying Corollary 7 iteratively, one then computes:
trL′n/L′1 (αn)
[L′n : L
′
1]
= −∆
′
ℓ
{ 3∑
i=1
Ai
(
f2ℓ (ei) + 2eifℓ(ei)
d
dX
fℓ(X)
∣∣∣
X=ei
− fℓ−1(ei)fℓ+1(ei)(3e2i +A)
)}
+
∆′
ℓ
{ 3∑
i=1
Ai2x1fℓ(ei)
d
dX
fℓ(X)
∣∣∣
X=ei
}
. (130)
Altogether, we have reached the identity:
trn (αn)
[Ln : Q]
=
tr′n (αn)
[L′n : Q]
= − ∆
′
ℓ[F : Q]
trF/Q
{ 3∑
i=1
Ai
(
f2ℓ (ei) + 2eifℓ(ei)
d
dX
fℓ(X)
∣∣∣
X=ei
)}
+
∆′
ℓ[F : Q]
trF/Q
{ 3∑
i=1
Aifℓ−1(ei)fℓ+1(ei)(3e
2
i +A)
}
+
∆′
ℓ[L′1 : Q]
trL′1/Q
{ 3∑
i=1
Ai2x1fℓ(ei)
d
dX
fℓ(X)
∣∣∣
X=ei
}
. (131)
Therefore, the rational number trn (αn)/[Ln : Q] has only finitely many val-
ues for n > 1, namely the values reached when taking n = 2. As for n = 1, there
are only finitely many values for α1. This completes the proof of part b).
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3.4 Liftings of points on reduced elliptic curves
In this section, we continue to specialize results to the case where E is an elliptic
curve over Q without CM.
Theorem 6. Let E be an elliptic over Q without CM, with Weierstrass equation
y2 = x3 + Ax + B, where A,B ∈ Z. Set ∆′ = 4A3 + 27B2. Let ℓ > 3 be a
fixed prime number that does not divide ∆′. Assume that the isomorphism
ρℓ : Gal(L∞/Q)
≈−→ GL2(Zℓ) holds.
Let p be a prime number such that p ∤ ∆′ℓ(ℓ − 1)(ℓ + 1). Let P˜ be any
non-trivial point of the ℓ-component of the reduced curve E˜(Fp). Let the prime
power ℓn, with n ≥ 1, be the order of the point P˜ .
Then, the point P˜ can be lifted to a point P of E(Q) with affine y-coordinate
satisfying:
y(P ) =
(a
b
)1/2
, (132)
where a and b are integers such that 1 ≤ |a|, |b| ≤ C, for some constant C
independent of n, and where both a and b are coprime with p.
Proof. Step 1. Let ℓ be a fixed prime number other than 2 and 3. Let p ∤
∆′ℓ(ℓ − 1)(ℓ + 1) be a prime number. In particular, since ordp(∆) = 0, the
reduced curve E˜(Fp) is non-singular.
Let P˜ be a non-trivial point of the ℓ-component of the reduced curve E˜(Fp).
Let (x¯, y¯) be the affine coordinates of P˜ and set ℓn = ordE˜(P˜ ) with n ≥ 1.
Let ξ : Q →֒ Qp be a fixed embedding of fields. From Lemma 2 applied
to m = ℓn, P˜ can be lifted to a point P ′ in E(Qp), since (ℓ
n, p) = 1. Since ξ
induces an isomorphism E[ℓn](Q)
≈−→ E[ℓn](Qp) [43, Corollary 6.4, part b), p.
86], it follows that there is an element Pn ∈ E[ℓn](Q) such that ξ(Pn) = P ′.
Step 2. We denote Q(E[ℓn]) by Ln, and its integer ring by On. From part
a) of Lemma 3, one has ℓx(Pn), ℓy(Pn) ∈ On, and (ℓy(Pn))2 αn = ∆′ℓ5, where
αn is given by (50):
αn = ℓ
3[4f(xn)x
′
n − g(xn)] = ℓ3
(
12x2nx
′
n + 16Ax
′
n − 3x3n + 5Axn + 27B
)
,
(133)
with xn = x(Pn) and x
′
n = x([2]Pn). From step 1, there exists y ∈ Z such that:
y ≡ ℓy(Pn) mod P, (134)
where P | p is the prime ideal of Ln that induces the embedding ξ :
(
Ln
)
P
→֒
Qp.
Taking y ∈ Z as above, we then have:
ℓ2y2(Pn)αn = ∆
′ℓ5 ⇒ y2αn = ∆′ℓ5 + α0
⇒ y2 trn (αn) = ∆′ℓ5[Ln : Q] + trn (α0) ∈ Z, (135)
for some α0 ∈ P, where trn denotes the trace map from Ln onto Q and [Ln : Q]
denotes the degree of Ln/Q.
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Now, trn (α0) ∈ (p), since α0 ∈ P. Indeed, one has a commutative diagram:
Ln ⊗Q Qp −−−−→
∏
P′|p (Ln)P′ytrn y∑P′|p tr(Ln)P′/Qp
Qp Qp.
(136)
Moreover, from [50, Corollary 1, p. 142], one has tr(Ln)P′/Qp(α0) ∈ (p), for each
P′ | p.
This yields:
y2 trn (αn) ≡ ∆′ℓ5[Ln : Q] mod p. (137)
But [Ln : Q] divides ℓ(ℓ− 1)2(ℓ+1)ℓ4(n−1), as follows from Lemma 4 applied to
m = ℓn. Henceforth, having assumed that p ∤ ∆′ℓ(ℓ− 1)(ℓ + 1), one obtains:
y2 ≡ ∆
′ℓ5
trn (αn) /[Ln : Q]
mod p. (138)
Indeed, we see that trn (αn) 6≡ 0 mod p, for otherwise we obtain the contra-
diction ∆′ℓ5[Ln : Q] ≡ 0 mod p, using (137). A similar argument shows that
y 6≡ 0 mod p.
Step 3. It then follows that:
y(Pn) ≡ y/ℓ mod P, (139)
and
y/ℓ ≡ y(P ) mod p, (140)
where
y(P ) :=
(
∆′ℓ3
trn (αn) /[Ln : Q]
)1/2
, (141)
and p is the prime ideal of K := Q(y(P )) that induces the embedding ξ : Kp →֒
Qp.
Step 4. At this point, we consider the dependency of αn on n. Under the
assumptions stated in the theorem, Proposition 2 implies that:
trn(αn)
[Ln : Q]
=
b
c
, (142)
where c 6= 0 and b are integers that are bounded independently of n, and
which we may assume relatively prime. Moreover, we observe that b has to be
different from 0 and actually coprime with p, since trn(αn) 6≡ 0 mod p from
step 2. Furthermore, c is coprime with p since [Ln : Q] 6≡ 0 mod p. The
theorem follows using (141), upon setting a = ∆′ℓ3c.
Remark 3. The lifting P considered in Theorem 6 might not be a ℓn-torsion
point of E, but it projects down to a ℓn-torsion point P˜ of the reduced curve
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E˜(Fp).
Remark 4. One observes that there are only finitely many admissible possi-
bilities for the y-coordinate y(P ) =
(
a
b
)1/2
of the lifting P considered in the
statement of Theorem 6. Note that both a and b are units of Zp in the statement
of Theorem 6. If one chooses to express b−1 as an integer modulo p, there might
be infinitely many such resulting integers as p varies. But this is unnecessary.
The point here, is to have finitely many possibilities for y2(P ), rather than ex-
pressing y2(P ) as an integer modulo p.
To appreciate Theorem 6, let us observe that, from [12, Corollary 2], it
follows directly that the reduced curve E˜(Fp) of an elliptic curve E over Q
admits a set of generators P˜i with y-coordinates satisfying the condition:
0 ≤ y(P˜i) ≤ ⌈20(1 + log p)p1/2⌉, (143)
upon taking the rational function f = y of degree 3 in this result. This implies in
turn that any ℓn-torsion point P˜ of the reduced curve E˜ can be lifted to a point
P of E with x-coordinate belonging to the compositum of all field extensions
over Q generated by the roots of cubic equations of the form
X3 +AX +B = y2, (144)
for some y ∈ Z such that 0 ≤ y ≤ ⌈20(1 + log p)p1/2⌉. In particular, there are
infinitely many such extensions to consider as prime p varies.
On the other hand, Theorem 6 restricts to ℓn-torsion points P˜ of the reduced
curve E˜, and states that a lifting P of P˜ can be chosen so as to satisfy (132).
Most importantly, there are only finitely many possibilities for the right-hand
side of this equation.
3.5 Properties of the specific algebraic number fields used
for liftings
It will be convenient to define a field K ′ step by step as follows.
First, we consider the cyclotomic field:
K1 = Q(µ4) = Q(
√−1); (145)
then, the field obtained by adjoining radicals:
K2 := K1(p
1/2
1 , ..., p
1/2
ν ), (146)
where p1, ..., pν are the ν distinct prime numbers other than ℓ that are bounded
by the constant C appearing in Theorem 6; C is a positive constant depending
on E and ℓ. Next, we consider the field obtained by adjoining the remaining
radical:
K3 := K2(ℓ
1/2). (147)
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Lastly, one adjoins over K3 the roots x1, x2, x3 of cubic equations of the form:
X3 +AX +B = y2, (148)
as y2 covers the set U of rational numbers of the form ab , where a and b are
integers satisfying 1 ≤ |a|, |b| ≤ C. The resulting field extension is denoted
K
(y)
3 .
This yields the compositum of fields:
K ′ :=
∏
y2∈U
K
(y)
3 . (149)
Proposition 3. The extension K ′/Q defined in (149) is a normal extension
that contains all affine coordinates of liftings P appearing in Theorem 6.
Moreover, the degree [K ′ : Q] is of the form 2s3t, for some non-negative
integers s and t. In particular, [K ′ : Q] is coprime with ℓ > 3.
Proof. We proceed step by step as follows.
Firstly, the cyclotomic field K1 := Q(µ4) has degree 2 over Q.
Next, consider a Kummer extension of the form K1(p
1/2)/K1, where p is the
prime ℓ or one of the prime numbers bounded by C. This Kummer extension
has relative degree dividing 2. Moreover, since the prime p is fixed under Galois
action of Gal(K1/Q), it follows that K1(p
1/2) is normal over Q. Hence, both
K2/Q and K3/Q are normal extensions.
It is clear that a Kummer extension of the form K1(y)/K1, where y
2 = ab
with 1 ≤ |a|, |b| ≤ C, is contained in K3.
Next, fixing a rational number y as above, one obtains a cubic equation:
X3 +AX +B = y2, (150)
whose roots are in K ′, by construction. The relative normal closure of this
equation over K3 has relative degree dividing 6.
Lastly, Galois action on the roots of such a cubic equation yields roots of
another such cubic equation. Thus, K ′ is normal over Q.
Proposition 4. Assume that p 6≡ 1 mod ℓ. Then, the ℓ-component of the
reduced curve E˜(Fp) is cyclic.
Proof. If E˜(Fp)ℓ is not cyclic, then it contains E˜[ℓ], from which it follows that
µℓ ⊂ Fp [43, Corollary 8.1.1, p. 96] (consequence of the Weil pairing). Thus,
one would have ℓ | (p− 1), contrary to the assumption that p 6≡ 1 mod ℓ.
The following results will be crucial in the proof of Lemma 9.
Proposition 5. Let ℓ be a prime number. Let n be a positive integer coprime
with ℓ. Define K1 = Q(µn), and consider a field of the form
K2 = K1(p
1/n
1 , ..., p
1/n
ν ), (151)
where p1, .., pν are ν distinct prime numbers, each coprime with ℓ. Then, ℓ is
unramified in K2.
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Proof. Firstly, ℓ is unramified in the cyclotomic field K1 [21, Theorem 2, p. 74].
Next, let us consider the extension K(p1) := K1(p
1/n
1 ). This is a Kummer
extension over K1 of degree d1 dividing n. Then, setting y1 = p
1/n
1 , one deduces
from Kummer theory that yd11 belongs to K1. In particular, f1(X) = X
d1 − yd11
is the minimal polynomial of y1 over K1. It follows that ℓ is coprime with the
discriminant of the relative Kummer extension K(p1)/K1, because the different
of this extension divides the ideal generated by f ′1(y1) = d1y
d1−1
1 [41, Corollary
2, p. 56], as y1 belongs to the integer ring of K1(y1), and both d1 and y1 are
coprime with ℓ.
Proceeding by induction, one considers the Kummer extensionK(p1,...,pr,pr+1)
over K(p1,...,pr), defined as K(p1,...,pr)(p
1/n
r+1), where 1 ≤ r < ν. The same ar-
gument as above shows that the relative different of this extension divides the
ideal generated by fr+1(yr+1) = dr+1y
dr+1−1
r+1 , where yr+1 = p
1/n
r+1, dr+1 is the
degree of the relative extension, and fr+1(X) = X
dr+1 − ydr+1r+1 is the minimal
polynomial of yr+1 over K(p1,...,pr).
One concludes that ℓ is coprime with the different of the relative extension
K2/K1, from the transitivity property [41, Proposition 8, p. 51]. Altogether, it
follows that ℓ is unramified in K2, applying [41, Proposition 6, p. 50] and [41,
Corollary 1, p. 53].
Corollary 8. Let ℓ > 2 be a prime number. Let K ′ be the field defined in (149).
Then,
a) ℓ is unramified in K2, and hence, Q(µℓ) ∩K2 = Q;
b) Q(µℓ) ∩ K3 is equal to the unique quadratic subfield K0 of Q(µℓ) (i.e.,
Q(
√
ℓ) if ℓ ≡ 1 mod 4, or Q(√−ℓ) if ℓ ≡ 2, 3 mod 4);
c) the extension (Q(µℓ) ∩K ′)/Q has degree dividing 12.
Proof. Part a). The first statement follows from Proposition 5 applied to n = 4
and the distinct prime factors p1, ..., pν other than ℓ that are bounded by C,
having assumed that ℓ > 2.
Thus, the prime ℓ is unramified in K2 ⊂ K1(p1/41 , ..., p1/4ν ). See (146). On
the other hand, ℓ is totally ramified in Q(µℓ) [41, Proposition 17, p. 78]. This
yields the equality Q(µℓ) ∩K2 = Q.
Part b). The extension K3/K2 has degree dividing 2, and hence the same
property holds true for (Q(µℓ) ∩K3)/(Q(µℓ) ∩K2). But Q(µℓ) ∩K2 = Q from
part a). Furthermore, Q(µℓ) ∩ K3 contains both quadratic fields Q(
√
ℓ) and
Q(
√−ℓ). Thus, it contains the unique quadratic subfield of Q(µℓ).
Part c). The field K ′ is obtained by adjoining to K3 various roots of cubic
equations. For each of these cubic equations, the splitting field has Galois group
a quotient of the permutation group S3, so that its Galois group has cardinality
dividing 6. Therefore, the normal extensionK ′/K3 has Galois group of exponent
dividing 6.
Now, we have an isomorphism of groups:
Gal((Q(µℓ) ∩K ′) ·K3/K3) ≈−→ Gal((Q(µℓ) ∩K ′)/(Q(µℓ) ∩K ′) ∩K3). (152)
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But since, K3 ⊆ K ′, it follows that
Gal((Q(µℓ) ∩K ′) ·K3/K3) ≈−→ Gal((Q(µℓ) ∩K ′)/(Q(µℓ) ∩K3)). (153)
Then, since (Q(µℓ)∩K ′)·K3 ⊆ K ′, we obtain a surjective group homomorphism:
Gal(K ′/K3)։ Gal((Q(µℓ) ∩K ′)/(Q(µℓ) ∩K3)). (154)
Therefore, Gal((Q(µℓ) ∩K ′)/(Q(µℓ) ∩K3)) is annihilated by 6, and hence-
forth, Gal((Q(µℓ) ∩K ′)/Q) has exponent dividing 12. Since Gal(Q(µℓ)/Q) is a
cyclic group, we conclude that (Q(µℓ) ∩K ′)/Q has degree dividing 12.
4 Proof of the Main Theorem
Let E be an elliptic curve over an algebraic number field K and ℓ be a prime
number. We denote the group of ℓ-torsion points E[ℓ](Q) by E[ℓ]. We set
G = Gal(L/K), where L = K(E[ℓ]). The absolute Galois groups Gal(Q/K)
and Gal(Q/L) are denoted G and H, respectively.
For each places v0 | p and v | v0 of K and L, respectively, where p is a prime
number, we set Gv0 = Gal(Qp/Kv0) and Hv = Gal(Qp/Lv). We consider the
[ℓ]-Selmer groups:
S[ℓ](E/L) = Ker
{
Hom(H, E[ℓ]) ⊕vRes
H
Hv−−−−−−→ ⊕v H1(Hv, E(Qp))
}
; (155)
S[ℓ](E/K) = Ker
{
Hom(G, E[ℓ])
⊕v0Res
G
Gv0−−−−−−−→ ⊕v0 H1(Gv0 , E(Qp))
}
.(156)
Here, v and v0 cover all places of L and K, respectively.
We are interested in computing the groups S[ℓ](E/K) and S[ℓ](E/L). Note
that the [ℓ]-Selmer groups are finite [43, Theorem 4.2, part b), p. 333] and, in
fact, are finite vector spaces over Fℓ. In Sections 4.4 and 4.5, we specialize to
the case where K = Q.
4.1 Map from S [ℓ](E/K) into S [ℓ](E/L)
We recall the exact inflation-restriction sequence of Galois cohomology.
Lemma 6 (Inflation-restriction exact sequence). Let G be a (possibly infinite)
profinite group with closed normal subgroup N . Let A be a G-module. Then,
there is an exact (inflation-restriction) sequence:
0→ H1(G/N,AN ) Inf
G
G/N−−−−−→ H1(G,A) Res
G
N−−−→ H1(N,A)G/N , (157)
where g ∈ G acts on a 1-cocycle f : N → A as (g · f)(n) = gf(g−1ng) for
n ∈ N .
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Proof. As in [43, p. 420], one has an exact sequence:
0→ H1(G/N,AN ) Inf
G
G/N−−−−−→ H1(G,A) Res
G
N−−−→ H1(N,A). (158)
Then, one computes directly, assuming that f is defined at g:
gf(g−1ng) = g{f(g−1) + g−1 (f(n) + nf(g))}
= gf(g−1) + f(n) + nf(g) = −f(g) + f(n) + nf(g)
= f(n) + (n− 1)f(g). (159)
So, taking g ∈ N , one sees that the action of G on H1(N,A) factors through
G/N . Moreover, if f is defined on all of G, one deduces that ResGN (f) ∈
H1(N,A)G/N .
Proposition 6. Let ℓ be a prime number and E an elliptic curve over an
algebraic number field K. Set L = K(E[ℓ]). Then, one has a homomorphism of
groups:
ResGH : S
[ℓ](E/K)→ S[ℓ](E/L)G/H, (160)
where G and H denote the absolute Galois groups of K and L, respectively.
Proof. From the inflation-restriction sequence, we obtain a commutative dia-
gram for any places v0 | p of K and v | v0 of L:
H1(G, E[ℓ]) Res
G
H−−−−→ H1(H, E[ℓ])G/HyResGGv0 yResHHv
H1(Gv0 , E(Qp))[ℓ]
Res
Gv0
Hv−−−−−→ H1(Hv, E(Qp))[ℓ].
(161)
where Gv0 and Hv are the absolute Galois groups of Kv0 and Lv, respectively.
The result now follows from an easy diagram chasing.
4.2 The group S [ℓ](E/L)
In this section, E is an elliptic curve over an algebraic number field K.
Motivated by Proposition 6, we consider the [ℓ]-Selmer group of E over
L = K(E[ℓ]).
Now, by construction, the Galois group H acts trivially on E[ℓ], so that one
has:
H1(H, E[ℓ]) = Hom(H, E[ℓ]) ≈ ⊕2i=1Hom(H,Fℓ). (162)
Moreover, L contains necessarily µℓ because Λ
2Tℓ(E) ≈ Tℓ(µ), where µ
denotes here the multiplicative group. See [43, p. 99].
Thus, any non-trivial character χ in Hom(H,Fℓ) factors through the Galois
group of a Kummer extension of degree ℓ. In particular, one has an isomorphism:
L∗/(L∗)ℓ
≈−→ Hom(H,Fℓ) = Hom(H/Hℓ,Fℓ). (163)
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Since the group L∗/(L∗)ℓ is infinite, we want to specify those group homomor-
phisms in Hom(H, E[ℓ]) that belong to the [ℓ]-Selmer group of E over L.
Thus, we consider a group homomorphism Ψ ∈ Hom(H, E[ℓ]) such that the
following condition holds:
(∗) ResHHv(Ψ) 7→ 0 ∈ H1(Hv, E(Qp)), (164)
for a given finite place v | p of L.
Let L′ = Q
KerΨ
, N = Gal(L′/L) and Nv′ = Nv (N is Abelian) be its
decomposition group at v′ | v. Thus, N can be viewed as a subgroup of Fℓ⊕Fℓ.
We have a commutative diagram with exact rows:
0 −−−−→ Hom(N,E[ℓ]) Inf
H
N−−−−→ Hom(H, E[ℓ])yResNNv yResHHv
0 −−−−→ H1(Nv, E(L′v′))
InfHvNv−−−−→ H1(Hv, E(Qp)).
(165)
Therefore, given Ψ′ ∈ Hom(N,E[ℓ]), ResNNv(Ψ′) splits in E(L′v′) if and only
if ResHHv ◦ InfHN (Ψ′) does in E(Qp). Henceforth, condition (*) – applied to
Ψ = InfHN (Ψ
′) – is equivalent to:
(∗∗) ResNNv(Ψ′) 7→ 0 ∈ H1(Nv, E(L′v′)). (166)
In particular, if Nv = 0, condition (**) holds trivially. Note also that Ψ
′ is not
identically 0 on any non-trivial subgroup of N .
Proposition 7. Let ℓ > 3 be a prime number.
a) In cases B and C, condition (**) holds at a place v of L if only if
v is unramified in L′v′ and Res
N
Nv
(Ψ′) maps to 0 ∈ H1(Nv, E˜v(kv′ )), where
kv′ denotes the residue field of L
′
v′ .
b) In Case D, v is at most tamely ramified in L′v′ .
Proof. Part a). Case B: v | v0 | p 6= ℓ and v0 6∈ ΣE . Assume that condition
(**) holds. Let Iv be the inertia subgroup of L
′
v′/Lv. Then, there is an exact
sequence:
0→ E1(L′v′)→ E(L′v′)→ E˜v(kv′ )→ 0, (167)
where kv′ denotes the residue field of L
′
v′ . Condition (**) then implies that
ResNNv(Ψ
′) splits in E˜v(kv′). Since Iv acts trivially on E˜v(kv′) and E[ℓ] ≈
E˜v[ℓ] ⊂ E˜v(kv′ ), this implies that Ψ′ is trivial on Iv. Therefore, Iv = 0,
which means that v is unramified in L′v′ . Furthermore, we obviously have that
ResNNv(Ψ
′) maps to 0 ∈ H1(Nv, E˜v(kv′)).
For the converse, it is sufficient to prove that
H1(Nv, E1(L
′
v′)) = 0, (168)
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whenever L′v′/Lv is unramified of degree a power of ℓ, for then one obtains a
commutative diagram:
Hom(N,E[ℓ])
≈−−−−→ Hom(N, E˜v[ℓ])yResNNv yResNNv
0 −−−−→ H1(Nv, E(L′v′)) reduction−−−−−−→ H1(Nv, E˜v(kv′)).
(169)
Now, E1(L
′
v′) ≈ Fv(Mv′), where Fv is the formal group of E over Ov, the
integer ring of Lv, andMv′ is the maximal ideal of the integer ring Ov′ of L′v′ .
Moreover, from [43, Proposition 6.3, p. 200], one has a short exact sequence:
0→ πrvOv′ → Fv(Mv′)→M → 0 (170)
for some positive integer r, where πv is a uniformizer of Lv, andM is a finite Zp-
representation of Nv that is annihilated by a power of p (recall that v | p 6= ℓ).
Since Nv has order ℓ (recall that Nv is a cyclic subgroup of Fℓ ⊕ Fℓ), it follows
that H1(Nv,M) = 0. Thus, it is sufficient to show that:
H1(Nv,Ov′) = 0, (171)
whenever L′v′/Lv is unramified. This result is well-known and can be proved by
using the facts that H1(Nv, kv′) = 0 and that Ov′ is complete.
Case C: v | v0 | p 6= ℓ and p ∈ ΣE , with additive reduction of E at v0 and
v0(j(E)) ≥ 0. From Lemma 1 (by assumption, ℓ > 3), it follows that E has
good reduction over L. Therefore, the argument in case B applies.
Part b). Case D: This is clear since ℓ is coprime with the characteristic of
the residue field of Lv.
At this point, we make use of class field theory. One may consult reference
[21] for the classical approach, close to Takagi-Artin’s treatment. One may also
consult [1, 46] for global class field theory, and [37, 41] for local class field theory,
with a treatment based extensively on homological algebra, including the notion
of invariant class. A treatment based on the notion of henselian valuation with
respect to a degree map can be found in [26]. Reference [9] should be consulted
for a development of local class field theory, including explicit reciprocity laws,
that does not rely on homological algebra. In this work, we found convenient
to refer to [21, 26, 41].
We now recall the notion of conductor of a finite Abelian extension of local
fields F/Lv [26, p. 44]. Let πv be a uniformizer of Lv and denote the prime
ideal (πv) by pv. Set U
(0)
v = Uv the group of units of the ring of integers Ov of
Lv, and U
(n)
v = 1 + pnv for n ≥ 1. The conductor of F/Lv is equal to fv = pnv ,
where n is the smallest integer such that U
(n)
v ⊂ NF/Lv (F ∗).
Next, assume that µℓ ⊂ L∗v. Let ( , Labv /Lv) : L∗v → Gal(Labv /Lv) be the
local reciprocity map, where Labv denotes the maximal Abelian extension over
Lv [41, pp. 168–171]. Let χa be the Kummer character associated to an element
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a of L∗v; i.e., χa(σ) = σ(a
1/ℓ)/a1/ℓ. Then, Hilbert’s local symbol is defined as
(a, b)v,ℓ = χa((b, L
ab
v /Lv)) ∈ µℓ [41, p. 205–206]. One has: (a, b)v,ℓ = 1 if and
only if b is a norm from the extension Lv(a
1/ℓ)/Lv [41, Proposition 4, p. 206].
It follows that the conductor of the Kummer extension Lv(a
1/ℓ)/Lv is given by
the smallest integer n such that (a, b)v,ℓ = 1 for all b ∈ U (n)v .
Proposition 8. Let ℓ > 3. Assume that condition (**) holds at a place v of L.
Let fv be the conductor of L
′
v′/Lv. Then,
a) Case A: fv | p1+evℓ/(ℓ−1)v , where ev is the absolute ramification index of
Lv.
b) Cases B and C: fv = 1.
c) Case D: fv | pv.
Proof. Part a). Case A: The prime number ℓ is equal to the characteristic of the
residue field of Lv. Moreover, one has µℓ ⊂ L∗v. It is sufficient to consider the
case where F ′/Lv is a cyclic sub-extension of L
′
v′/Lv of degree ℓ. Indeed, L
′
v′/Lv
is either the trivial extension, a cyclic extension of degree ℓ or the compositum
of two cyclic extensions F ′ and F ′′ of degree ℓ. In the first case, there is nothing
to prove. In the third case, the inclusions 1+ pmv ⊂ NF ′/Lv((F ′)∗) and 1+ pnv ⊂
NF ′′/Lv ((F
′′)∗) imply that 1 + p
max(m,n)
v ⊂ NF ′/Lv ((F ′)∗) ∩ NF ′′/Lv((F ′′)∗) =
NF ′F ′′/Lv((F
′F ′′)∗). Thus, we consider the case where F ′/Lv is a Kummer
extension of degree ℓ, say F ′ = Lv(x
1/ℓ), that might be wildly ramified. From
[21, p. 186], one has the inclusion U
(1+evℓ/(ℓ−1))
v ⊂ U ℓv. But, one obviously has
(x, b)v,ℓ = 1 for all b ∈ U ℓv. Thus, fv | p1+evℓ/(ℓ−1)v .
Part b). Cases B and C: From local class field theory, one has fv = 1 if and
only if L′v′/Lv is unramified [26, Proposition (3.4), p. 44], which holds from
Proposition 7 (since ℓ > 3).
Part c). Case D: The prime number ℓ is coprime with the characteristic p of
the residue field of Lv. Moreover, one has µℓ ⊂ L∗v. As above, it is sufficient to
consider the case where F ′/Lv is a cyclic sub-extension of L
′
v′/Lv of degree ℓ.
Then, F ′/Lv is tamely ramified and it is sufficient to consider the case where it
is totally tamely ramified. Thus, we consider the case where F ′/Lv is a Kummer
extension of the form Lv(π
1/ℓ
v )/Lv for some uniformizer πv of Lv [21, Proposition
12, p. 52]. In the case where ℓ is coprime with p, Hilbert’s local symbol can
be computed explicitly as in [41, pp. 210–211]. Namely, let (a) = (πv)
α and
(b) = (πv)
β . Set c = (−1)αβaβ/bα. Then, (a, b)v,ℓ = c(q−1)/ℓ, where c is the
image of c in the residue field of Lv and q is the cardinality of the residue field.
In our case, a = πv, so that α = 1. Now, let b ∈ Uv, so that β = 0. Then,
c = 1/b, so that (a, b)v,ℓ = (b)
−(q−1)/ℓ. It follows that (πv, b)v,ℓ = 1 for all
b ∈ U (1)v (i.e., the group of units that map to 1 in the residue field). On the
other hand, the extension Lv(π
1/ℓ
v )/Lv is ramified, so that fv 6= 1. Therefore, in
the totally tamely ramified case, one concludes that fv = pv.
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Let m be the cycle [26, p. 97] defined as:
m =
∏
v|ℓ
p1+evℓ/(ℓ−1)v
∏
v|v0∈ΣE,p.m.
pv, (172)
where ev is the absolute ramification index of Lv. One considers the subgroup
ImL of the idele group IL [26, p. 98]:
ImL =
∏
v|ℓ
U (1+evℓ/(ℓ−1))v ×
∏
v|v0∈ΣE,p.m.
U (1)v ×
∏
v 6∈T
Uv, (173)
where T = {v : v | ℓ} ∪ {v : v | v0 ∈ ΣE,p.m.}. Here, {v} includes the set
S∞ of infinite places of L. Since µℓ ⊂ L∗, assuming that ℓ 6= 2, it follows that
the infinite places of L are all complex. In that case, one sets Uv = C
∗. From
global class field theory [26, Chapter IV, §7], there exists a unique finite Abelian
extension Lm/L such that:
( , Lm/L) : CL/C
m
L
≈−→ Gal(Lm/L), (174)
where CL = (L
∗ · IL) /L∗ and CmL = (L∗ · ImL ) /L∗.
In the next result, we let ISL denote
∏
v∈S L
∗
v ×
∏
v 6∈S Uv [26, p. 76]. Now,
let T be any finite set of prime ideals of an algebraic number field L. Then,
there exists a finite set of primes S, disjoint from T , such that the classes of
the elements of S generate the ideal class group of L [21, pp. 124–125]. Next,
let S be any finite set of primes of an algebraic number field L, such that: 1)
S includes the set S∞ of infinite places of L; 2) the classes of the elements of
S \ S∞ generate the ideal class group of L. Then, L∗ · ISL = L∗ · IL [26, pp.
77–78].
Thus, given a finite set T of non-Archimedean places, there exists a finite
set of places S ⊇ S∞ disjoint from T such that L∗ · ISL = L∗ · IL.
Lemma 7. Let E be an elliptic curve over K and ℓ > 2 be a prime number.
Set L = K(E[ℓ]). Let T = {v : v | ℓ} ∪ {v : v | v0 ∈ ΣE,p.m.}. Let S ⊇ S∞ be
a finite set of places of L, disjoint from T , such that L∗ · ISL = L∗ · IL. Take S
sufficiently large, so that S is closed under Galois action of Gal(L/K). Let N
be the subgroup of IL defined as:
N =
∏
v∈T
U ℓv ×
∏
v∈S
Uv · (L∗v)ℓ ×
∏
v 6∈S∪T
Uv. (175)
Then, N = (L∗ · N ) /L∗ is the class group of the maximal sub-extension
L˜/L of Lm/L whose Galois group is annihilated by ℓ. In particular, Gal(L˜/L)
is a direct product of cyclic groups of order ℓ such that:
Hom(Gal(L˜/L), E[ℓ]) = Hom(Gal(Lm/L), E[ℓ]). (176)
Moreover, L˜/K is a Galois extension.
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Proof. Let L˜/L be the maximal sub-extension of Lm/L with Galois group an-
nihilated by ℓ. Then, one has:
Hom(Gal(L˜/L), E[ℓ]) = Hom(Gal(Lm/L), E[ℓ]), (177)
and Gal(L˜/L) is a direct product of cyclic groups of order ℓ. We show that N
is its class group; i.e., the class field LN is equal to L˜.
First, we observe that CL/N ≈ (L∗ · IL)/(L∗ · N ) is annihilated by ℓ, since
L∗ · IL = L∗ · ISL and
(
ISL
)ℓ ⊆ N . Thus, LN ⊆ L˜.
Conversely, the Galois group Gal(L˜/L) is the maximal quotient group of
Gal(Lm/L) ≈ CmL ≈ (L∗ · ISL )/(L∗ · ImL ) that is annihilated by ℓ. But
∏
v∈T U
ℓ
v×∏
v∈S (L
∗
v)
ℓ ⊂ (ISL)ℓ, and ∏v∈S Uv ×∏v 6∈S∪T Uv ⊂ ImL . Since both (ISL)ℓ and
ImL map to 0 under the natural projection IL → CmL / (CmL )ℓ, N is contained in
the class group of L˜/L, which means that L˜ ⊆ LN .
Since S is taken closed under Galois action of Gal(L/K), the same holds
true for the class group N . It follows that LN is closed under any element of
G = Gal(K/K).
Having assumed that ℓ > 2, the group Uv · (L∗v)ℓ is actually equal to Uv =
L∗v = C
∗, for any v ∈ S∞.
Combining Propositions 7 and 8, and Lemma 7, we have reached the follow-
ing result.
Proposition 9. Let ℓ > 3 be a prime number. Let N be the class group defined
in Lemma 7. Let L˜ = LN be the corresponding class field. Set H˜ = Gal(L˜/L).
Then, one has:
S[ℓ](E/L) = InfH
H˜
Ker
{
Hom(H˜, E[ℓ])→ ⊕w H1(H˜w, E(L˜w))
}
, (178)
where w covers all places of L˜.
4.3 Returning to the group S [ℓ](E/K)
In this section, E is an elliptic curve over an algebraic number field K.
Given a prime number ℓ > 3, we set L = K(E[ℓ]). Let N be the class group
defined in Lemma 7, and let L˜ = LN be the corresponding class field. We set
G˜ = Gal(L˜/K) and H˜ = Gal(L˜/L).
Combining Propositions 6 and 9, we have obtained the following result.
Corollary 9. Let E be an elliptic curve over K. Let ℓ > 3 be a prime number.
Then, one has:
S[ℓ](E/K) = InfG
G˜
Ker
{
H1(G˜, E[ℓ])→ ⊕w H1(G˜w, E(L˜w))
}
, (179)
where w covers the places of L˜ and G˜w is the decomposition group of w in L˜/K.
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Proof. Let w | v | v0 | p be places of L˜, L, K, and Qp, respectively.
We show the inclusion:
S[ℓ](E/K) ⊆ InfG
G˜
Ker
{
H1(G˜, E[ℓ])→ ⊕w H1(G˜w, E(L˜w))
}
. (180)
Let f ∈ S[ℓ](E/K). Then, ResGH(f) = InfHH˜ (g), for some group homomorphism
g ∈ Hom(H˜, E[ℓ]) satisfying the property of Proposition 9. Then, for σ1 ∈ G
and σ2 ∈ Gal(Q/L˜), one computes:
f(σ1σ2) = f(σ1) +
σ1f(σ2) = f(σ1) +
σ1g(σ2) = f(σ1). (181)
Thus, f = InfG
G˜
(f˜), for some f˜ ∈ H1(G˜, E[ℓ]), and satisfies the stated property,
as follows from the following diagram with exact bottom row:
H1(G˜, E[ℓ])
InfG
G˜−−−−→ H1(G, E[ℓ])yResG˜G˜w yResGGv0
0 −−−−→ H1(G˜w, E(L˜w))[ℓ]
Inf
Gv0
G˜w−−−−−→ H1(Gv0 , E(Qp))[ℓ],
(182)
where Gv0 denotes the absolute Galois group of Kv0 .
The other inclusion is clear.
4.4 The group S [ℓ](E/Q)
We now specialize to the case where E is an elliptic curve over Q, of Weierstrass
equation of the form y2 = x3+Ax+B, where A,B ∈ Z. Let ∆′ := 4A3+27B2.
We consider a prime number ℓ > 3, and set L = Q(E[ℓ]). We let L˜ denote
the class field corresponding to the subgroup N of CL as in Lemma 7, when
taking the base field K = Q. We set H˜ = Gal(L˜/L).
Next, we consider the field K ′ defined in (149), and we denote:
L′ := LK ′. (183)
In addition to the field L˜, we also consider L˜′ the class field corresponding to
the subgroup N of CL′ as in Lemma 7, when taking the base field K = K ′.
The motivation for Theorem 6 and Proposition 3 was to reach the following
result, which is useful for passing from p-adic rational points to algebraic ones.
Proposition 10. Let E be an elliptic curve over Q without CM, with Weier-
strass equation of the form y2 = x3 + Ax + B, where A,B ∈ Z. Set ∆′ =
4A3 + 27B2.
Let ℓ > 3 be a prime number such that ρℓ(G) = GL2(Zℓ). Let p be any prime
number such that p ∤ ∆′ℓ(ℓ− 1)(ℓ+1). Let ξ be a fixed embedding of Q into Qp,
inducing an embedding of Galois groups Gp = Gal(Qp/Qp) →֒ G = Gal(Q/Q).
Then, one can write any point P0 ∈ E(Qp) in the form:
P0 = ξ(P ) + [ℓ]Q
′, (184)
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for some point P ∈ E(K ′), where K ′ is the field defined in (149), and Q′ ∈
E(Qp).
More precisely, let p be the prime ideal of K ′ lying above p such that ξ
induces K ′p →֒ Qp. Let F be the subfield of K ′ fixed by the decomposition group
Gal(K ′/Q)p. Then, in fact, one may take P ∈ E(F ).
Proof. Since ordp(∆) = 0, the reduced curve E˜ of E over the residue field Fp is
non-singular. Let #E˜(Fp) = ℓ
nm, where n ≥ 0 and (m, ℓ) = 1.
Let P0 ∈ E(Qp). Then, [m]P0 projects to a point P˜ of E˜[ℓn]. We first
consider the non-trivial case where n > 0. From Theorem 6, there is a lifting P ′
of P˜ with affine coordinates in the field K ′ that projects to P˜ . If n = 0, then
one may take P ′ = O, so that P ′ ∈ E(Q) ⊂ K ′ and P ′ is trivially a lifting of
[m]P0 = O.
Then, [m]P0 − ξ(P ′) ∈ E1(K ′p), where p is the maximal ideal of K ′ lying
above p that is compatible with the embedding ξ. Now, one has a commutative
diagram:
E(K ′)
ξ−−−−→ E(K ′p)ytrK′/F ytrK′p/Qp
E(F )
ξ−−−−→ E(Qp),
(185)
where F is the fixed field of K ′ by the decomposition group Gal(K ′/Q)p. Here,
we have used the fact that Fp′ = Qp, where p
′ is the prime ideal of F lying
below p, as well as [43, Exerc. 1.12 b), p.16]. This yields [m] trK′p/Qp(P0) −
ξ(trK′/F (P
′)) ∈ E1(Qp). We set P ′′ := trK′/F (P ′) ∈ E(F ). Moreover, one has
trK′p/Qp(P0) = [m
′]P0, where m
′ = |Gal(K ′/Q)p| is coprime with ℓ, based on
Proposition 3. We set m′′ := m ·m′.
Now, E1(Qp) ≈ Fp(Mp), where Fp is the formal group of E over Qp. From
[13], Fp is necessarily a formal Zp-module. Since ℓ ∈ Z∗p by assumption, it
follows that [m′′]P0−ξ(P ′′) = [ℓ]Q′′ ∈ [ℓ](E1(Qp)), for some point Q′′ ∈ E1(Qp).
Writing 1 = m′′a+ ℓb, with a, b ∈ Z, one deduces that
P0 = [a]([m
′′]P0) + [ℓ]([b]P0) = [a](ξ(P
′′) + [ℓ]Q′′) + [ℓ]([b]P0)
= ξ([a]P ′′) + [ℓ]([a]Q′′ + [b]P0), (186)
where P := [a]P ′′ ∈ E(F ) and Q′ := [a]Q′′ + [b]P0 ∈ E(Qp).
Proposition 10 allows proving the following result.
Proposition 11. Let E be an elliptic curve over Q without CM, with Weier-
strass equation y2 = x3 +Ax+B, where A,B ∈ Z. Set ∆′ = 4A3 + 27B2.
Let ℓ > 3 be a prime number such that ρℓ(G) = GL2(Zℓ). Let p be a prime
number such that p ∤ ∆′ℓ(ℓ− 1)(ℓ+1). Consider L˜, K ′, and L˜′ as above. Let w′
be a place of L˜′ that lies above p, and consider the place w of L˜ that lies below w′.
Assume that the decomposition group H˜ ′w′ , where H˜
′ = Gal(L˜′/L′), maps onto
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the decomposition group H˜w, where H˜ = Gal(L˜/L), under the natural projection
ResL˜
′
L˜
: H˜ ′ → H˜ (defined by restriction of automorphisms to L˜).
Consider f˜ in Ker
{
H1(G˜, E[ℓ])
ResG˜
G˜w−−−−→ H1(G˜w , E(L˜w))
}
.
Then, there exists an element Q˜ ∈ E(Q) such that [ℓ]Q˜ ∈ E(K ′), and
f˜(ResL˜
′
L˜
(σ)) = [σ − 1]Q˜, for all σ ∈ H˜ ′w′ .
Proof. Firstly, consider a place w′ of L˜′, as in the statement of the proposition.
Let us fix an embedding ξ : Q →֒ Qp that yields the embedding
(
L˜′
)
w′
→֒ Qp.
Let f˜ : G˜→ E[ℓ] be a 1-cocycle such that f˜(σ) = [σ − 1]Q0 for all σ ∈ G˜w,
for some Q0 ∈ E(L˜w). Then, one has P0 := [ℓ]Q0 ∈ E(L˜G˜ww ) = E(Qp). Now,
Proposition 10 applies to P0, having assumed that ℓ > 3, and p ∤ ∆
′ℓ(ℓ−1)(ℓ+1).
Thus, one may write P0 in the form ξ(P ) + [ℓ]Q
′, where P ∈ E(K ′), and
Q′ ∈ E(Qp), based on Proposition 10.
Let Q ∈ E(Q) such that [ℓ]Q = P . The extension L′(Q)/L′ is an Abelian
extension with Galois group embedded into E[ℓ], since E[ℓ] ⊂ L. Indeed, the
function Gal(L′(Q)/L′) → E[ℓ] that maps σ ∈ Gal(L′(Q)/L′) to [σ − 1]Q is a
group homomorphism (it is a “Kummer character” of the elliptic curve). More-
over, it is injective. Furthermore, one computes in E(Qp):
[ℓ](Q0 − ξ(Q)−Q′) = P0 − ξ(P )− [ℓ]Q′ = O. (187)
Thus, one has Q0 = ξ(Q) +Q
′ + ξ(Q′′), with Q′′ ∈ E[ℓ] ⊂ E(L). We set
Q˜ = Q+Q′′. (188)
Let us define g˜(σ) := [σ − 1]Q˜, for σ ∈ G. Let w be the place of L˜ lying
below w′, and consider the case where H˜w = Res
L˜′
L˜
(H˜ ′w′), as in the statement
of the proposition. Let σ ∈ H˜ ′w′ . One then computes:
ξ
(
f˜(ResL˜
′
L˜
(σ))
)
= [σ − 1]Q0 = [σ − 1](Q0 −Q′)
= [σ − 1](ξ(Q +Q′′)) = [σ − 1]ξ(Q˜) = ξ([σ − 1]Q˜)
= ξ (g˜(σ)) , (189)
since Q′ ∈ E(Qp), and the embedding ξ was chosen to be compatible with
localization of L˜′ at w′. Thus, one obtains f˜(ResL˜
′
L˜
(σ)) = g(σ) for any σ ∈
H˜ ′w′ .
The hypotheses of Proposition 11 comprise a condition on the characteris-
tic p of the finite field intervening in the reduced curve, as well as condition
ResL˜
′
L˜
(H˜ ′w′) = H˜w. Using Chebotarev’s Density Theorem, one can show that
these conditions can be met, in a form relevant to Proposition 12. Namely, we
have the following result.
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Lemma 8. Let E be an elliptic curve over Q, of Weierstrass equation y2 =
x3 + Ax + B, where A,B ∈ Z. Let ℓ 6= 2, 3, 5, 7, 13 be a prime number such
that ℓ ∤ ∆′ := 4A3 + 27B2. Set L = Q(E[ℓ]), and let d0 be a prime factor of
(ℓ− 1)/ gcd(ℓ− 1, 12).
Let K ′ and L′ be the fields defined in (149) and (183), respectively. Let H1
be a subspace of H˜ ′ = Gal(L˜′/L′), of dimension n1, that is a normal subgroup
of Gal(L˜′/ (L′)
σ′0), for some element σ′0 of order d0 in Gal(L
′/K ′).
Then, H1 admits a decomposition ⊕n1ν=1Cν , where each Cν is a cyclic group
(of order ℓ) that is closed under conjugation by elements of Gal(L˜′/ (L′)
σ′0). In
particular, 〈σ′0〉 acts on each group Cν through some character χν .
Then, in the case where χν is the trivial character, the group Cν is equal to
the decomposition group H˜ ′w′ of some place w
′ of L˜′ (depending on Cν) that lies
above a prime p satisfying the condition p ∤ ∆′ℓ(ℓ− 1)(ℓ+ 1).
Moreover, assume that ResL˜
′
L˜
(Cν) 6= 0, where ResL˜′L˜ denotes the natural
projection H˜ ′ → H˜, with H˜ = Gal(L˜/L). Then, one has ResL˜′
L˜
(Cν) = H˜w,
where w is the place of L˜ lying below w′.
Proof. Step 1. We consider the fields K ′ and L′ as in (149) and (183), respec-
tively. We view the Galois group Gal(L′/K ′) as the subgroup ρ˜ℓ(Gal(L/(L ∩
K ′))) of ρ˜ℓ(Gal(L/Q)) < GL2(Fℓ), under the Galois embedding ρ˜ℓ.
We denote ResL˜
′
L′ the projection of Galois groups Gal(L˜
′/K ′)→ Gal(L′/K ′).
Step 2. Let σ′0 be an element of Gal(L
′/K ′) of order d0. Thus, one has: i)
ord(σ′0) = d0 is coprime with ℓ.
Let then σ′′0 be any lifting of σ
′
0 in Gal(L˜
′/K ′). Set σ˜′0 := (σ
′′
0 )
ℓ. Then,
(σ˜′0)
d0 = ((σ′′0 )
d0)ℓ = 1, since (σ′′0 )
d0 ∈ H˜ ′, as (σ′0)d0 = 1, and H˜ ′ is a vector
space over Fℓ. Therefore, one has d
′′ := ord(σ˜′0) | d0.
Moreover, the projection ResL˜
′
L′(σ˜
′
0) ∈ Gal(L′/K ′) is equal to (σ′0)ℓ. Thus,
one has (σ′0)
d′′ℓ = 1, which combined with (σ′0)
d0 = 1, yields d0 = ord(σ
′
0) |
gcd(d′′ℓ, d0) = d
′′ (since d′′ | d0 is coprime with ℓ). Thus, one has ii) ord(σ˜′0) =
d0.
Step 3. Assume that h′ is a non-trivial element of H˜ ′ that is in the centralizer
of σ˜′0. Consider the cyclic group 〈h′σ˜′0〉, where σ˜′0 is as in step 2. Then, this cyclic
group has order d0ℓ, since d0 is coprime with ℓ. It follows that iii) (h
′σ˜′0)
d0 =
(h′)d0 is a generator of the cyclic group 〈h′〉.
Step 4. Assume now that p is a prime that does not ramify in L˜′, and that
w′ | p is a place of L˜′ such that FrobL˜′/Q(w′) = h′σ˜′0, with h′ as in step 3, and
σ˜′0 as in step 2.
Then, except for finitely many such primes, one may assume that p ∤ ∆′ℓ(ℓ−
1)(ℓ+ 1).
Step 5. Since the element ResL˜
′
L′(σ˜
′
0) considered in step 2 has order d0, it
follows that a prime p as in step 4 would have residue degree fL′/Q equal to d0.
Then, this means that any place v′ of L′ lying above p would have Frobenius
element equal to FrobL˜′/L′(w
′) = FrobL˜′/Q(w
′)fL′/Q = (h′)d0 , from property iii)
of step 3. Therefore, FrobL˜′/L′(w
′) generates the cyclic group 〈h′〉.
44
Therefore, all desired properties for p would be met, provided σ′0 satisfies
condition i) – step 2 –, and h′ is in the centralizer of σ˜′0 – step 3.
Step 6. Now, the cyclic group 〈σ′0〉 < Gal(L′/K ′) acts by Galois conjugation
on the Fℓ-vector space H1, which yields a representation 〈σ′0〉 →֒ Aut(H1).
Since #〈σ′0〉 = d0 | (ℓ − 1), the eigenvalues of this representation belong to F∗ℓ .
Therefore, one obtains a decomposition of representations of the finite group
〈σ′0〉 over Fℓ:
H1 = ⊕n1ν=1Cν , (190)
where n1 := dimFℓ(H1), and Cν ≈ Fℓ(χν), for some character χν of the group
〈σ′0〉.
If ever χν is the trivial character, then the element σ
′
0 satisfies condition i),
and Cν is in the centralizer of σ˜
′
0.
An application of Chebotarev’s Density Theorem [49] to L˜′/Q and the con-
jugacy class of h′σ˜′0, then yields FrobL˜′/Q(w
′
0) = τh
′σ˜′0τ
−1, for some place w′0 of
L˜′ and element τ of the Galois group Gal(L˜′/Q). But then, FrobL˜′/Q(τ
−1w′0) =
h′σ˜′0, so that one may take w
′ = τ−1w′0. Then, the prime p lying below w
′
satisfies all the desired properties: p is unramified in L˜′; p ∤ ∆′ℓ(ℓ − 1)(ℓ + 1);
and FrobL˜′/L′(w
′) generates Cν .
Step 7. One has FrobL˜/Q(w) = Res
L˜′
L˜
(FrobL˜′/Q(w
′)), where w is the place
of L˜ lying below w′. Let v be the place of L lying below w, and v′ be the place
of L′ lying below w′. One computes:
FrobL/Q(v) = Res
L˜
L(FrobL˜/Q(w))
= ResL˜L ◦ResL˜
′
L˜
(FrobL˜′/Q(w
′))
= ResL
′
L ◦ResL˜
′
L′(FrobL˜′/Q(w
′))
= ResL
′
L (FrobL′/Q(v
′)), (191)
which shows that fL/Q = fL′/Q, as σ0 = FrobL/Q(v) has same order as σ
′
0 =
FrobL′/Q(v
′) under the isomorphism ResL
′
L : Gal(L
′/K ′)
≈−→ Gal(L/(L ∩ K ′)).
One then obtains:
FrobL˜/L(w) = FrobL˜/Q(w)
fL/Q
= ResL˜
′
L˜
(FrobL˜′/Q(w
′))fL/Q
= ResL˜
′
L˜
(FrobL˜′/Q(w
′)fL′/Q)
= ResL˜
′
L˜
(FrobL˜′/L′(w
′)), (192)
since fL/Q = fL′/Q. It then follows that FrobL˜/L(w) generates Res
L˜′
L˜
(Cv) =
〈ResL˜′
L˜
(FrobL˜′/L′(w
′))〉. One then concludes that ResL˜′
L˜
(Cν) = H˜w since p is
unramified in L˜, and H˜ is an Abelian group of exponent ℓ, which implies that
any of its non-trivial cyclic subgroups has order ℓ.
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Combining Lemma 8 and Proposition 11, we have reached the following
result.
Corollary 10. Let E be an elliptic curve over Q, of Weierstrass equation y2 =
x3 + Ax + B without CM, where A,B ∈ Z. Let ℓ 6= 2, 3, 5, 7, 13 be a prime
number such that i) ρℓ(G) = GL2(Zℓ); and ii) ℓ ∤ ∆′ := 4A3 + 27B2. Set
L = Q(E[ℓ]), and let d0 be a prime factor of (ℓ − 1)/ gcd(ℓ − 1, 12).
Let K ′ and L′ be the fields defined in (149) and (183), respectively (depending
on A, B and ℓ). Let H1 be a subspace of H˜
′ = Gal(L˜′/L′), of dimension n1,
that is a normal subgroup of Gal(L˜′/ (L′)
σ′0), for some element σ′0 of order d0
in Gal(L′/K ′).
Let H1 = ⊕n1ν=1Cν be the decomposition of representations of 〈σ′0〉 over Fℓ,
as in Lemma 8.
Let f = InfG
G˜
(f˜) be a 1-cocycle in the Selmer group S[ℓ](E/Q), where G˜ =
Gal(L˜/Q) and f˜ ∈ H1(G˜, E[ℓ]).
Then, in the case where χν is the trivial character and Res
L˜′
L˜
(Cν) 6= 0, one
has f˜(ResL˜
′
L˜
(σ)) = [σ − 1]Q˜, for any σ ∈ Cν , for some Q˜ ∈ E(Q) such that
[ℓ]Q˜ ∈ E(K ′). The point Q˜ depends on f˜ and Cν .
Proof. Let E have Weierstrass equation y2 = x3+Ax+B, where A,B ∈ Z. Set
∆′ = 4A3 + 27B2. Assume that Cν has conjugacy action defined by the trivial
character of 〈σ′0〉. Then, using Lemma 8, one can take a place w′ of L˜′ such that
H˜ ′w′ = Cν , where w
′ lies above a prime p such that p ∤ ∆′ℓ(ℓ − 1)(ℓ + 1). The
condition ResL˜
′
L˜
(Cν) 6= 0 implies that H˜w = ResL˜′L˜ (Cν), where w is the place of
L˜ lying below w′. The corollary now follows from Proposition 11.
4.5 Proof of Theorem 5
The following lemma will be crucial in the proof of the important intermediate
result, Proposition 12, and the proof of Theorem 5.
Lemma 9. Let E be an elliptic curve over Q without CM, of Weierstrass equa-
tion y2 = x3 +Ax+B, with A,B ∈ Z. Given a prime number ℓ 6= 2, 3, 5, 7, 13,
set L = Q(E[ℓ]). Assume that: i) Gal(L/Q) ≈ GL2(Fℓ); and ii) ℓ ∤ ∆′ :=
4A3 + 27B2. Let K ′ and K2 be the fields defined in (149) and (146), respec-
tively (depending on A,B and ℓ). Then, one has:
a) Q(µℓ)/Q is the maximal Abelian subextension of L/Q, and Gal(L/Q(µℓ))
corresponds to SL2(Fℓ) under ρ˜ℓ;
b) L ∩K2 = Q, and (L ∩K3)/Q has degree 2;
c) L ∩K ′ ⊆ Q(µℓ);
d) L ∩K ′ = Q(µℓ) ∩K ′ has degree over Q dividing 12;
e) let d0 be a prime divisor of (ℓ − 1)/ gcd(ℓ − 1, 12); then, there exists an
element σ0 ∈ Gal(L/(L ∩K ′)), of order d0, such that ρ˜ℓ(σ0) =
(
λ0 0
0 1
)
, with
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λ0 ∈ F∗ℓ (of order d0); in particular, σ0 acts on X(χ) := 〈
(
1
0
)
〉 through the
character defined by χ(σ0) = λ0, and acts on X(1) := 〈
(
0
1
)
〉 through the trivial
character;
f) the element τ ∈ Gal(L/Q) defined by ρ˜ℓ(τ) =
(
1 0
1 1
)
belongs to the
subgroup Gal(L/(L ∩K ′)); in particular, X(χ) is not stable under the action of
τ ;
g) the element β ∈ Gal(L/Q) defined by ρ˜ℓ(β) =
(
λ 0
0 λ
)
, where λ has
order (ℓ − 1)/ gcd(ℓ − 1, 12), belongs to the subgroup Gal(L/(L ∩ K ′)), and is
non-trivial; in particular, β is in the center of Gal(L/(L∩K ′)), and β−1 defines
an automorphism of E[ℓ].
Proof. Step 1. Firstly, we claim that the maximal Abelian sub-extension of L/Q
is Q(µℓ).
Indeed, Q(µℓ)/Q is an Abelian sub-extension of L/Q. Let ρ˜ℓ be the Ga-
lois representation of Gal(L/Q) on E[ℓ]. Having assumed that Gal(L/Q) ≈
GL2(Fℓ), it follows that SL2(Fℓ) = Ker det(ρ˜ℓ). But from the Weil pairing, one
has det(ρ˜ℓ) = ψℓ, where ψℓ is the cyclotomic character [39, 1.2, Example 2, pp.
I-3-4]. Therefore, Gal(L/Q(µℓ)) = Kerψℓ = SL2(Fℓ).
Now, let K/Q be an Abelian extension, with L ⊇ K ⊇ Q(µℓ). Then,
Gal(K/Q(µℓ)) corresponds to an Abelian quotient of SL2(Fℓ). Since this special
linear group is a perfect group for ℓ > 3 [30, p. 61], it follows that Gal(K/Q(µℓ))
is trivial. Thus, K is equal to Q(µℓ), which completes the proof of part a).
Step 2. Let K1 := Q(µ4) as in equation (145). Also, as in equation (146),
let K2 = K1(p
1/2
1 , ..., p
1/2
ν ), where p1, ..., pν are the distinct prime factors other
than ℓ that are bounded by the constant C of Theorem 6.
Then, the extension L ∩K1 is an Abelian sub-extension of L/Q, and hence
is contained in Q(µℓ), from step 1. From part a) of Corollary 8, it follows that
L ∩K1 ⊆ Q(µℓ) ∩K2 = Q.
Step 3. Next, the extension (L ∩ K2)/Q is an Abelian sub-extension of L,
since K2/K1 is Abelian, and L ∩K1 = Q from step 2. From steps 1 and 2, one
must have L ∩K2 ⊆ Q(µℓ) ∩K2 = Q, which proves the first statement of part
b).
Step 4. Since the Kummer extension K3/K2 has degree dividing 2, it follows
that the extension (L ∩K3)/(L ∩K2) has degree dividing 2. But L ∩K2 = Q
from step 3. Thus, (L ∩ K3)/Q has degree 1 or 2. But L ∩ K3 contains the
unique quadratic subextension of Q(µℓ). This proves the second statement of
part b).
Step 5. The field K ′ is obtained by adjoining to K3 various roots of cubic
equations, as in equation (148). Since K ′/Q is a normal extension of degree
dividing a power of 6, it follows that the extension (L ∩ K ′)/Q has degree
dividing a power of 6.
Since both K ′/Q and L/Q are normal extensions, the extension L ∩ K ′ is
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also normal over Q. We consider the compositum K ′′ := (L ∩K ′) ·Q(µℓ) ⊆ L.
Then, K ′′ is normal over Q, and hence over Q(µℓ). We set N := Gal(L/K
′′),
which is a normal subgroup of SL2(Fℓ), using part a). From [45, Theorem 2,
p. 62], there are only three cases if ℓ ≥ 5: N = 1, N = {±I}, or N = SL2(Fℓ),
where I denotes the 2× 2 matrix over Fℓ. But the first two cases are ruled out,
since the order of SL2(Fℓ)/N would then be divisible by ℓ, whereas K
′′/Q(µℓ)
has degree dividing a power of 6. It follows that K ′′ = Q(µℓ). This means that
L ∩K ′ ⊆ Q(µℓ), which proves part c).
Step 6. From part c) of Corollary 8, having assumed that ℓ > 2, the extension
(Q(µℓ)∩K ′)/Q has degree dividing 12, which proves part d), making use of part
c).
Step 7. Part e) is a consequence of part d) and the assumption that Gal(L/Q)
is the full linear group. Indeed, consider σ ∈ Gal(L/Q) such that ρ˜ℓ(σ) =(
λ 0
0 1
)
, where λ is a generator of F∗ℓ . Let d0 be a divisor of (ℓ − 1)/ gcd(ℓ −
1, 12). Then, one has σ0 := σ
(ℓ−1)/d0 ∈ Gal(L/(L ∩K ′)), using part d), since
gcd(ℓ − 1, 12) | (ℓ − 1)/d0. Then, the element σ0 has order d0, and ρ˜ℓ(σ0) is of
the form
(
λ0 0
0 1
)
, where λ0 has same order as σ0.
Step 8. The element τ has order ℓ, so that τ ℓ = 1 ∈ Gal(L/(L ∩K ′)). But,
from part d), one has τ12 ∈ Gal(L/(L ∩K ′)). As gcd(ℓ, 12) = 1, one concludes
that τ ∈ Gal(L/(L ∩K ′)), which proves part f).
Step 9. Let λ1 have order ℓ − 1 in F∗ℓ , and set β1 =
(
λ1 0
0 λ1
)
. Then, the
element β := β
gcd(ℓ−1,12)
1 belongs to Gal(L/(L ∩K ′)), using part d). Further-
more, since ℓ 6= 2, 3, 5, 7, 13, the element β is non-trivial, and it then follows
that β− 1 is an automorphism of E[ℓ]. Lastly, ρ˜ℓ(β) is equal to
(
λ 0
0 λ
)
, where
λ := λ
gcd(ℓ−1,12)
1 has order (ℓ − 1)/gcd(ℓ− 1, 12). This proves part g).
Lemma 9 and Corollary 10 play an important role in our proof of the fol-
lowing intermediate result.
Proposition 12. Let E be an elliptic curve over Q without CM, of Weierstrass
equation y2 = x3 + Ax + B, where A,B ∈ Z. Let ℓ 6= 2, 3, 5, 7, 13 be a prime
number such that: i) ρℓ(G) = GL2(Zℓ); and ii) ℓ ∤ ∆′ := 4A3 + 27B2. Set L =
Q(E[ℓ]), and let K ′ and L′ be the fields defined in (149) and (183), respectively.
Then, for any element of S[ℓ](E/Q) represented by 1-cocycle f , one has a
decomposition of the form:
ResGG′(f) = g + Inf
G′
G′(h˜), (193)
where G′ := Gal(Q/K ′) and G′ := Gal(L′/K ′) ≈ Gal(L/(L∩K ′)), g ∈ H1(G′, E(Q))
splits in E(Q), and h˜ ∈ H1(G′, E[ℓ]).
Proof. Step 1. From Corollary 9 (assuming that ℓ > 3), f ∈ S[ℓ](E/Q) is of
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the form InfG
G˜
(f˜), for some f˜ ∈ H1(G˜, E[ℓ]), where L˜ = LN is the class field
defined in Lemma 7 (with K = Q) and G˜ = Gal(L˜/Q).
Step 2. Let y2 = x3+Ax+B be a Weierstrass equation for E, with A,B ∈ Z.
We assume the non-CM case, with ρℓ(G) = GL2(Zℓ), ℓ ∤ ∆′ := 4A3 + 27B2,
and ℓ 6= 2, 3, 5, 7, 13. We consider the field K ′ defined in (149). From part d) of
Lemma 9, the extension (L ∩K ′)/Q has degree dividing 12.
Having assumed that ℓ 6= 2, 3, 5, 7, 13, let d0 be a prime factor of (ℓ −
1)/ gcd(ℓ − 1, 12). Applying part e) of Lemma 9, consider the element σ′0 ∈
Gal(L′/K ′) ≈ Gal(L/(L ∩ K ′)) defined by ρ˜ℓ(σ′0) =
(
λ0 0
0 1
)
, where λ0 is an
element of order d0 in the multiplicative group F
∗
ℓ . LetX(χ) = 〈
(
1
0
)
〉 be the one-
dimensional Fℓ-subspace of E[ℓ] on which the automorphism σ
′
0 ∈ Gal(L′/K ′),
acts through the character defined by χ(σ′0) = λ0. Let X(1) = 〈
(
0
1
)
〉 be the one-
dimensional Fℓ-subspace of E[ℓ] on which σ
′
0 acts through the trivial character.
One has the decomposition E[ℓ] = X(χ) ⊕X(1).
Step 3. Given Q˜ ∈ E(Q) such that [ℓ]Q˜ = P ∈ E(K ′), the 1-cocycle defined
by g˜(σ) := [σ − 1]Q˜ belongs to S[ℓ](E/K ′). Furthermore, by construction, any
such element of this Selmer group splits in E(L˜′). Let S[ℓ](E/K ′)split be the
subgroup of S[ℓ](E/K ′) consisting of such elements.
We define (with L′ = LK ′):
G′ = Gal(Q/K ′); H′ = Gal(Q/L′);
G˜′ = Gal(L˜′/K ′); H˜ ′ = Gal(L˜′/L′);
G′ = Gal(L′/K ′).
(194)
The Fℓ〈σ′0〉-module H˜ ′ admits a decomposition:
H˜ ′ = ⊕d0−1i=0 H˜ ′(χi), (195)
where 〈σ′0〉 acts on H˜ ′(χi) through the character χi of the cyclic group 〈σ′0〉, for
i = 0, 1, ..., d0 − 1.
Let then I ′ be the image of the map:
̺′ : S[ℓ](E/K ′)split
ResG
′
H′−−−−→ S[ℓ](E/L′)G′
−−−−→ Hom(H˜ ′, E[ℓ]/X(χ))σ′0
≈−−−−→ Hom(H˜ ′/(⊕d0−1i=1 H˜ ′(χi)), E[ℓ]/X(χ)),
(196)
where the first map is the one of Proposition 6 (applied to K = K ′), and the
second map is induced by restriction of G′ to 〈σ′0〉 and the projection E[ℓ] →
E[ℓ]/X(χ). We have used the isomorphism E[ℓ]/X(χ) ≈ X(1) in the third map.
Then, from Pontryagin duality, one has an isomorphism:
I ′ ≈ Hom(H˜ ′/H1, E[ℓ]/X(χ)), (197)
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for some closed subspace H1 ⊇ ⊕d0−1i=1 H˜ ′(χi) of H˜ ′.
Step 4. Since X(χ) is stable under σ
′
0, it follows that H1 is stable under
conjugation by a lifting σ˜′0 of σ
′
0 in Gal(L˜
′/K ′). Indeed, with notation as above,
the equality [h− 1]Q˜ ∈ X(χ) for all Q˜ such that [ℓ]Q˜ = P˜ ∈ E(K ′), implies that
[h− 1](σ˜′0)−1(Q˜) ∈ X(χ) for all such point Q˜, because K ′ is normal over Q. But
then, this implies that [σ˜′0h(σ˜
′
0)
−1−1]Q˜ = σ˜′0[h−1](σ˜′0)−1(Q˜) ∈ σ˜′0(X(χ)) = X(χ)
for all such point Q˜. Therefore, σ˜′0h(σ˜
′
0)
−1 ∈ H1.
Step 5. We define:
G = Gal(Q/Q); H = Gal(Q/L);
G˜ = Gal(L˜/Q); H˜ = Gal(L˜/L);
G = Gal(L/Q).
(198)
Let then I denote the image of the map
̺ : S[ℓ](E/Q)
ResGH−−−−→ S[ℓ](E/L)G
−−−−→ Hom(H˜, E[ℓ]/X(χ))σ0(
ResL˜
′
L˜
)
∗−−−−−−→ Hom(H˜ ′, E[ℓ]/X(χ))σ′0
≈−−−−→ Hom(H˜ ′/(⊕d0−1i=1 H˜ ′(χi)), E[ℓ]/X(χ)),
(199)
where the first map is the one of Proposition 6 (applied to K = Q), and ResL˜
′
L˜
denotes the natural projection H˜ ′ → H˜ of Galois groups. We have used the
isomorphism E[ℓ]/X(χ) ≈ X(1) in the fourth map.
Then, from Pontryagin duality, one has an isomorphism:
I ≈ Hom(H˜ ′/H2, E[ℓ]/X(χ)), (200)
for some closed subspace H2 ⊇ ⊕d0−1i=1 H˜ ′(χi) of H˜ ′.
Step 6. We claim that I ⊆ I ′, equivalently H1 ⊆ H2.
Based on step 4, the subgroupH1 is normal in the Galois group Gal(L˜
′/ (L′)
σ′0),
where σ′0 is constructed in step 2. From Lemma 8, one obtains a decomposition
H1 = ⊕n1ν=1Cν of representations of 〈σ′0〉 over Fℓ.
If the one-dimensional representation Cν maps to 0 under the Galois pro-
jection ResL˜
′
L˜
: H˜ ′ → H˜, then Cν is contained in H2, and there is nothing to
prove.
If the one-dimensional representation Cν is defined by the trivial character
χν of 〈σ′0〉, and ResL˜
′
L˜
(Cν) 6= 0, then Corollary 10 implies that f˜(ResL˜′L˜ (σ)) =
[σ − 1]Q˜, for any f˜ ∈ S[ℓ](E/Q) and any σ ∈ Cν , for some Q˜ ∈ E(Q) such that
[ℓ]Q˜ ∈ E(K ′), depending on f˜ and Cν . But then, the inclusion Cν < H1 implies
that f˜(ResL˜
′
L˜
(σ)) = 0, for any f˜ ∈ S[ℓ](E/Q) and any σ ∈ Cν . This means that
Cν < H2.
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If the one-dimensional representation Cν is defined by a non-trivial char-
acter of 〈σ′0〉, then Cν < ⊕d0−1i=1 H˜ ′(χi). But from step 5, one has the inclusion
⊕d0−1i=1 H˜ ′(χi) ⊆ H2, which means that Cν < H2.
Altogether, we conclude that H1 ⊆ H2.
Step 7. From Step 6, we have I ⊆ I ′. So, let f be in the Selmer group
S[ℓ](E/Q). Then, ̺(f) satisfies:
̺(f)(σ) = ̺′(g)(σ) mod X(χ), (201)
valid for any σ ∈ H′, for some 1-coboundary g of the form:
g˜(σ) := [σ − 1]Q˜, (202)
where Q˜ ∈ E(Q) such that [ℓ]Q˜ = P ∈ E(K ′).
Define:
h := ResGG′(f)− g. (203)
Thus, ResG
′
H′(h) maps to 0 ∈ Hom(H′, E[ℓ]/X(χ)). This means that h maps the
Galois group H′ into X(χ).
Step 8. Now, from Proposition 6 applied to K ′, one has:
ResG
′
H′(h) ∈ Hom(H′, E[ℓ])G
′
. (204)
Therefore, for any σ ∈ G′ and τ ∈ H′, one has:
σ(h(τ)) = h(στσ−1) ∈ X(χ), (205)
since H′ is a normal subgroup of G′. Thus, one must have h(τ) = 0 for any
τ ∈ H′, since the one-dimensional subspace X(χ) is not stable under Galois
action of G′. Indeed, one may take the element τ corresponding to the matrix(
1 0
1 1
)
of order ℓ, as in part f) of Lemma 9.
It follows that ResGG′(f)− g = 0 on H′, so that
ResGG′(f)− g = InfG
′
G′(h˜), (206)
for some h˜ ∈ H1(G′, E[ℓ]), as was to be shown.
Equipped with Lemma 9 and Proposition 12, we are now ready to prove
Theorem 5.
Proof of Theorem 5. We show the inclusion:
S[ℓ](E/Q) ⊆ Ker
{
H1(G, E[ℓ])→ H1(G, E(Q))
}
. (207)
Let ℓ 6= 2, 3, 5, 7, 13 be a prime number. Assuming that: i) ρℓ(G) = GL2(Zℓ),
as well as the condition: ii) ℓ ∤ ∆′, Proposition 12 applies. Set L := Q(E[ℓ])
and G := Gal(L/Q). Thus, for any f ∈ S[ℓ](E/Q), ResGG′(f) is of the form
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g + InfG
′
G′(h˜) on G′, for some g ∈ H1(G′, E(Q)) that splits in E(Q), and h˜ ∈
H1(G′, E[ℓ]).
Now, consider the element β =
(
λ 0
0 λ
)
, where λ ∈ F∗ℓ has order (ℓ −
1)/ gcd(ℓ − 1, 12). Then, from part g) of Lemma 9, β is in the center of
Gal(L/(L ∩ K ′)) ≈ G′, and β − 1 defines an automorphism of E[ℓ]. Thus,
from Sah’s Theorem [20, Theorem 5.1, p. 118], one has:
H1(G′, E[ℓ]) = 0. (208)
See [2, Proposition 19, p. 51] in the context of Abelian varieties. Note that
[22, Theorem 11] on vanishing of Galois cohomology groups defined on torsion
points does not apply here, since Q(µℓ) ∩K ′ might be larger than Q (c.f. part
d) of Lemma 9). On the other hand, Coates’ result [5, Lemma 10, p. 179] does
apply, since G′ = Gal(L′/K ′) contains SL2(Fℓ), as follows from parts a) and d)
of Lemma 9.
Thus, one has for any σ ∈ G′:
f(σ) = [σ − 1](Q˜+R), (209)
where Q˜ ∈ E(Q) and R ∈ E[ℓ]. Lastly, one has for any σ ∈ G:
f(σ)− [σ − 1](Q˜+R) = InfGGal(K′/Q)(h′), (210)
for some h′ ∈ H1(Gal(K ′/Q), E(K ′)). But then, from [4, Corollary 10.2, p. 84],
H1(Gal(K ′/Q), E(K ′)) is annihilated by |Gal(K ′/Q)| = n. Therefore, one has
for any σ ∈ G:
[n]
(
f(σ)− [σ − 1](Q˜+R)
)
= [σ − 1]R′, (211)
for some R′ ∈ E(K ′). Thus, [n]f maps to 0 in H1(G, E(Q)). Since, on the other
hand, f maps into H1(G, E(Q))[ℓ], the inclusion (207) is proved, as gcd(n, ℓ) = 1
by Proposition 3.
The other inclusion is clear since, for any place v0 of Q, the homomorphism
ResGGv0
: H1(G, E[ℓ]) → H1(Gv0 , E(Qv0)) is the composition of homomorphisms
H1(G, E[ℓ])→ H1(G, E(Q))
ResGGv0−−−−−→ H1(Gv0 , E(Qv0)). 
5 Examples
Recall that, given an elliptic curve E over the rationals, there is, for each prime
ℓ, a Galois representation ρ˜ℓ : G → GL2(Fℓ), where G is the absolute Galois
group of Q, through Galois action on the ℓ-torsion points of E. Then, one has
an isomorphism Gal(Q(E[ℓ])/Q) ≈ ρ˜ℓ(G). In [40], the notation is φℓ(G).
Example 1. From [43, Proposition 1.4, p. 45], to each j ∈ Q corresponds
a unique class of elliptic curves over Q up to isomorphism over Q. For each
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j0 ∈ Q, the class of elliptic curves having j0 as j-invariant is in one-to-one
correspondence with Q∗/(Q∗)n(j), where n(j) = 2, 4, 6 according to the cases
j 6= 0, 1738, j = 1728, or j = 0, respectively [43, Corollary 5.4.1, p. 343]. From
[43, p. 427], there are exactly 13 elliptic curves over Q, up to isomorphism over
Q, having CM. Then, for each corresponding j-invariant (see [36, p. 295] for
a list), there are infinitely many elliptic curves over Q having CM (i.e., over a
finite base field extension). Moreover, except for these 13 j-invariants, to any
j ∈ Q corresponds a class of elliptic curves without CM.
Example 2. Consulting [33, Table 1], we consider the elliptic curve from [27]:
E : y2 = x3 + ax2 + bx, (212)
with a = 1, 692, 602 = 2 ·37 ·89 ·257 and b = −3 ·5 ·11 ·13 ·17 ·19 ·23 ·29 ·31 ·37.
This equation corresponds to [43, p. 42]:
a1 = a3 = a6 = 0;
a2 = a; a4 = b;
b2 = 4a; b4 = 2b; b6 = 0;
b8 = −b2;
c4 = 16a
2 − 48b;
c6 = −64a3 + 36 · 8ab.
(213)
One computes the discriminant:
∆(E) = −b22b8 − 8b34 − 27b26 + 9b2b4b6 = 16a2b2 − 64b3
= 16b2(a2 − 4b), (214)
and the j-invariant:
j(E) = c34/∆ =
(16)2(a2 − 3b)3
b2(a2 − 4b) . (215)
Furthermore, one has:{
∆(E) = 28 · 32 · 52 · 112 · 132 · 172 · 192 · 232 · 292 · 312 · 373 · p′;
j(E) = 2
4·73·613·3473·(p′′)3
32·52·112·132·172·192·232·292·312·p′ ,
(216)
where p′ and p′′ are the prime numbers 8, 420, 798, 017 and 812, 633, respectively.
In particular, E is not semi-stable.
Thus, this elliptic curve has potential multiplicative reduction at p0 = 3.
Therefore, E has no CM. Moreover, from [27], E has rank at least 7 over Q.
Therefore, Theorem 4 does not apply, whereas Theorem 5 does.
Moreover, p = 7 is the smallest prime number at which E has good reduc-
tion. From [40, Proposition 24, p. 314], one concludes that ρ˜ℓ(G) = GL2(Fℓ),
whenever ℓ ∤ ∆(E), ℓ ∤ ordp0(j(E)) = −2, and ℓ > (√p+ 1)8. This means that
Theorem 5 applies to E with ℓ > 31, 210 other than p′.
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Pushing further these computations, let us consider the corresponding Tate’s
curve [43, Theorem 14.1, p. 445] at p0 = 3. One obtains an isomorphism φ :
Qp0/〈q〉
≈−→ E(Qp0), as Gal(Qp0/K ′′)-modules, for some unramified quadratic
extension K ′′/Qp0 . Here, q is defined in [43, p. 444]. One can easily check
that ordp0(q) = 2, from the fact that ordp0(∆) = 2. Therefore, one obtains an
isomorphism φ : (〈q1/ℓ〉×µℓ)/〈q〉 ≈−→ E[ℓ](Qp0), as Gal(Qp0/K ′′)-modules. This
implies that ρ˜ℓ(G) has a cyclic subgroup of order ℓ, for any prime ℓ 6= 2.
Now, from [23, Theorem 3], if G = ρ˜ℓ(G) 6= GL2(Fℓ), then either G is in
the normalizer N of a Cartan subgroup C, or ℓ is one of the exceptional primes
2, 3, 5, 7, 11, 13, 17, 19, 37, 43, 67, 163. But C has index 2 in N [40, §2.2, p. 279],
so that N has order coprime with ℓ. Therefore, one concludes that ℓ is one of
the exceptional primes.
Furthermore, note thatE has potential good reduction at 2, since ord2(∆(E)) =
8 and ord2(j(E)) = 4. It follows from [40, a3), p. 312], that the group Φ2 de-
fined in [40, pp. 311–312], has cardinality 2, 3, 4, 6, 8, or 24. Recall that Φ2
is a quotient group of the inertia group I2, and that it embeds into GL2(Fℓ), if
ℓ ≥ 5 [40, pp. 311–312]. Now, the Weierstrass equation y2 = x3 + ax2 + bx is
minimal over Q2 since ord2(∆) = 8 < 12. From Section 2.2, the curve E has
good reduction over a finite extension K ′/Q2 of degree with only 2 or 3 as prime
factors. Moreover, one can make a change of variable of the form x = u2x′ + r
and y = u3y′+u2sx′+ t, where u ∈ O∗K′ , r, s, t ∈ OK′ [43, Proposition 1.3, part
a), p. 186], and obtain the discriminant u−12∆ [43, Remark 1.1, p. 186]. It
follows that v(u−12∆) = −12v(u)+ 8v(2) = 0, where v is the discrete valuation
of K ′. This in turn implies that 3 | v(2), so that the ramification index of the
extension K ′/Q2 is divisible by 3. One concludes that Φ2 has order 3, 6, or 24
(see [40, p. 312]).
Thus, for ℓ 6= 2, if ρ˜ℓ(G) is not the full linear group, then it is contained in a
Borel subgroup of the linear group. Indeed, [40, Corollaire, p. 277] implies that
ρ˜ℓ(G) contains a split Cartan semi-subgroup of the form
(∗ 0
0 1
)
. Then, the
condition ℓ | #ρ˜ℓ(G) for ℓ 6= 2 implies that ρ˜ℓ(G) is either the full linear group,
or else is contained in a Borel subgroup. See [40, Proposition 17 and remark a),
p. 282]. But then, assuming ℓ ≥ 5, [40, Proposition 23, part b), p. 313] implies
that the divisor 3 of |Φ2| divides the order of (Z/2nZ)∗, for some n ≥ 1, which
is not the case. So, actually, ρ˜ℓ(G) = GL2(Fℓ), for all ℓ ≥ 5. See [40, 5.7.1, p.
315] for this argument. It follows from (41) that ρℓ(G) = GL2(Zℓ), for all ℓ ≥ 5.
Next, we consider the Weierstrass equation of E:
E : y2 = x3 +Ax+B;
A = −27c4 = −27(16a2 − 48b);
B = −54c6 = −54(−64a3 + 36 · 8ab);
∆′(E) = −220 · 312 · b2(a2 − 4b). (217)
We conclude from Theorem 5 that X(E/Q)ℓ vanishes at all primes ℓ, other
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than the ones in the set:
P = {2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, p′}. (218)
In particular, the smallest prime number for which Corollary 2 applies is ℓ = 41.
Thus, one has:
rank(E/Q) = dimF41 S
[41](E/Q), (219)
since X(E/Q)[41] = 0, from Theorem 5, and E[41](Q) = 0 from Mazur’s The-
orem on torsion points.
Remark 5. The previous example solves the open problem mentioned in [44,
Problem 2.16, p. 27] in the non-CM case.
Example 3. The following example was communicated to us by Professor C.
Wuthrich. The non-CM elliptic curve of rank 0 defined by the cubic equation
[52]:
E : y2 + xy = x3 − x2 − 332, 311x− 73, 733, 731;
∆(E) = −5, 302, 593, 435, 347, 072 = −27 · 2310;
c4 = 15, 950, 937 = 3 · 19 · 234;
j(E) = − (3 · 19 · 23
4)3
27 · 2310 = −2
−7 · 33 · 193 · 232, (220)
has Shafarevich-Tate group of analytic order 25, which is denoted as #X(E/Q)an
= 25. From [24], one concludes that #X(E/Q) = 25, as E has conductor
N = 1058 < 5000, and rank r ≤ 1.
Recall that #X(E/Q)an is based on BSD-2, and is computed as follows:
#X(E/Q)an =
lims→1(s− 1)−rL(E, s)(#Etor(Q))2
Ω2rR
∏
p cp
, (221)
where L(E, s) denotes the L-series of E, r is the rank of E/Q, Ω is defined from
the invariant differential, R is the elliptic regulator of E(Q)/Etor(Q), and cp
denotes #E(Qp)/E0(Qp). See [43, pp. 451–452]. In the example, based on the
information available on the Website [52], this expression simplifies to:
#X(E/Q)an =
L(E, 1)
Ω
= 25, (222)
which is consistent with Cassels’ result [43, Theorem 4.14, p. 341].
Since E has multiplicative reduction at p0 = 2, it follows that ρ˜ℓ(G) has a
cyclic subgroup of order ℓ, for any prime ℓ 6= 7. Indeed, the Tate’s curve Eq,
with ordp0(q) = 7, yields an isomorphism φ : (〈q1/ℓ〉 × µℓ)/〈q〉 ≈−→ E[ℓ](Qp0), as
Gal(Qp0/K
′′)-modules (where K ′′ is the unramified extension of degree 2 over
Qp0 , since E has non-split multiplicative reduction at p0 = 2).
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Thus, unless ℓ is one of the exceptional primes 2, 3, 5, 7, 11, 13, 17, 19, 37, 43, 67,
or 163, one has ρ˜ℓ(G) = GL2(Fℓ) [23, Theorem 3].
Pushing further this example, observe that E has potential good reduction
at 23. It follows from [40, a1), p. 312], that the group Φ23 has cardinality 6,
since 23 > 3 and ord23(∆) = 10. Thus, for ℓ 6= 7, if ρ˜ℓ(G) is not the full linear
group, then it is contained in a Borel subgroup of the linear group. But then,
assuming that ℓ ≥ 5, [40, Proposition 23, part b), p. 313] implies that 6 = |Φ23|
divides the order of (Z/23nZ)∗, for some n ≥ 1, which is not the case. So,
actually, ρ˜ℓ(G) = GL2(Fℓ), for all ℓ 6= 2, 3, 7, and hence, in particular for ℓ = 5.
It follows from (41) that ρℓ(G) = GL2(Zℓ), for all ℓ except possibly 2, 3 and 7.
Actually, it is reported that ρ˜ℓ(G) = GL2(Fℓ) holds for any prime ℓ [52].
Next, we consider the Weierstrass equation of E:
E : y2 = x3 +Ax+B;
A = −430675299 = −34 · 19 · 234;
B = −3, 443, 997, 030, 498 = −2 · 36 · 235 · 367;
∆′(E) = 215 · 312 · 2310. (223)
This yields the following Weierstrass equation, under the change of variable
(x, y) 7→ (32x′, 33y′):
E : y2 = x3 +A1x+B1;
A1 = −5, 316, 979 = −19 · 234;
B1 = −4724275762 = −2 · 235 · 367;
∆′1(E) = 2
15 · 2310. (224)
Thus, one has to discard the prime ℓ = 23 | ∆′1(E) in addition to the exceptional
primes 2, 3, 5, 7, 13 (to avoid the exceptional condition (ℓ−1)/ gcd(ℓ−1, 12) = 1).
So, although ρℓ(G) = GL2(Zℓ) at ℓ = 5 in this example, Theorem 5 does not
predict the vanishing of X(E/Q)ℓ due to the exceptional condition (ℓ− 1) | 12.
Altogether, Theorem 5 predicts thatX(E/Q)ℓ vanishes at any prime ℓ other
than 2, 3, 5, 7, 13, 23. In particular, the conclusion is consistent with BSD-2 in
this example (i.e., #X(E/Q) = 25).
Example 4. Consider the elliptic curve presented in Example 3:
E : y2 = x3 +A1x+B1;
A1 = −5, 316, 979 = −19 · 234;
B1 = −4724275762 = −2 · 235 · 367;
∆′1(E) = 2
15 · 2310. (225)
This curve has no rational points over Q [52].
Let us consider the prime p = 7. The reduced curve has Weierstrass equa-
tion:
E˜p : y
2 = x3 + 4x+ 4, (226)
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since y2 = x3 + A1x + B1 is a minimal Weierstrass equation for E at p. The
non-trivial points of the reduced curve modulo p are: (0,±2), (1,±3), (3,±1),
(−3, 0), (−2,±3). Thus, E˜(Fp) has order 2 · 5. We take ℓ = 5, so that ℓ ∤ ∆′.
Since p ∤ ∆′(ℓ− 1)(ℓ+ 1)ℓ, it follows that Theorem 6 applies.
The non-trivial points that have order ℓ = 5 are the ones of the form [2]P
with [2]P 6= O: (1,±3), (−2,±3). One may take the generator (1, 3) of E˜(Fp)ℓ,
so that ab = 9 in Theorem 6. We may choose the radical y =
(
a
b
)1/2
= 3, in
this simple situation. Let then x be a root of X3 + A1X + B1 = 3
2 in Q that
maps to 1 in the residue field Fp, under an embedding ξ : Q(x) → Qp followed
by projection into the residue field of Q(x) at some prime p | p. By Hensel’s
Lemma [21, p. 43], one has Q(x)p = Qp. Any point of E˜[ℓ](Fp) can be lifted to
a point of Q(x), which is contained in the field K ′ defined in (149).
Then, for any point P0 ∈ E(Qp), the point [m]P0, where m = 2, projects
to a point P˜ ∈ E˜(Fp) that can be lifted to a point P ′ with affine coordinates
in K ′ (in fact, in Q(x)). Thus, [m]P0 − ξ(P ′) ∈ E1(Qp) ⊂ [ℓ]E(Qp), so that
[m]P0 − ξ(P ′) = [ℓ]Q′′, for some Q′′ ∈ E(Qp). Since 3m − ℓ = 1, one obtains:
P0 = ξ([3]P
′) + [ℓ]([3]Q′′ − P0), and we set P = [3]P ′ and Q′ = [3]Q′′ − P0.
Now, assume that P0 6∈ [ℓ]E(Qp). Such a point exists since #E˜(Fp) = 2 · ℓ
and E(Qp) projects onto E˜(Fp). Then, one must have P ∈ E(Q(x)) \ E(Q).
Indeed, since E(Q) = 0 in this example, the case P ∈ E(Q) would imply that
P0 ∈ [ℓ]E(Qp). This issue was pointed out to us by Professor K. Rubin in an
early draft of this paper. This motivated us to develop the results of Section 3.
As the field K ′ is a finite extension over Q, our approach in Section 4 was then
sufficient to prove Theorem 5.
A Ramification of the extension L∞/Q
The following result is a consequence of a theorem of Sen [35] that was conjec-
tured by Serre [38].
Proposition 13. Let E be an elliptic curve over the rationals. Let ℓ > 3
be a prime number at which E has good reduction. Let Ln be the number field
obtained by adjoining the affine coordinates of the ℓn-torsion points of E. Then,
the different Dn of Ln/Q satisfies the estimate:
(ℓna) ⊆ Dn ⊆ (ℓna−1), (227)
for all n ≥ 1, for some integer a.
Proof. We consider the following four cases, in view of [41, Proposition 10, p.
52].
Case A: p = ℓ > 3 (and p 6∈ ΣE). Consider the Galois group G of the infinite
extension obtained by adjoining over Q the affine coordinates of all ℓn-torsion
points of E, where n ≥ 1, as an ℓ-adic Lie group. Let {Gn} be a Lie filtration
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on G. For instance, one may take Gn := ρ
−1
ℓ (I + ℓ
nMat2×2(Zℓ)). On the other
hand, let {G(n)} denote the upper numbering filtration on the Galois group G
corresponding to an embedding Q →֒ Qℓ. Sen’s Theorem [35, Theorem, p. 48]
gives the estimate:
G(ne− c) ⊆ Gn ⊆ G(ne + c), (228)
valid for all n, for some constant c (depending only on G, and hence on E and
ℓ), where e is the absolute ramification index of the ground field (so, Qℓ here,
and e = 1).
Now, let P denote a prime ideal of Ln lying above ℓ. Then, using [41,
Proposition 4, p. 64], one has:
valP (Dn) =
u0∑
u=0
(|G[u]| − 1) , (229)
where G[u] denotes the lower numbering ramification groups, and u0 is the
largest integer u such that G[u] is non-trivial. One has:
u0∑
u=0
|G[u]| = |G[0]|
∫ u0+1
u=0
1
(G[0] : G[u])
du
= |G[0]|ϕ(u0 + 1), (230)
where ϕ denotes Herbrand’s function [41, p. 73]. From Sen’s Theorem, one has
n− c ≤ ϕ(u0 + 1) ≤ n+ c.
Moreover, from [41, Exerc. 3 c), pp. 71–72], one has u0 ≤ eP/(ℓ − 1), and
hence u0 + 1 ≤ ePℓ/(ℓ− 1). Thus, we obtain:∏
P|ℓ
PeP(n+c) ⊆
∏
P|ℓ
(Dn)P ⊆
∏
P|ℓ
PeP(n−c−ℓ/(ℓ−1)), (231)
that is:
(ℓn+c) ⊆
∏
P|ℓ
(Dn)P ⊆ (ℓn−c−ℓ/(ℓ−1)). (232)
Case B: p 6= ℓ and p 6∈ ΣE . Then, from the Criterion of Ne´ron-Ogg-
Shafarevich, the extension Ln/Q is unramified. Hence, using [41, Theorem
1, p. 53], one obtains: ∏
P|p
(Dn)P = (1), (233)
where P stands for prime ideals of Ln.
Case C: p 6= ℓ and p ∈ ΣE,p.g.. Then, from Lemma 1 (having assumed
that ℓ > 3), E has good reduction over L1. From the Criterion of Ne´ron-Ogg-
Shafarevich, the extension Ln/L1 is unramified. Therefore, using [41, Proposi-
tion 8, p. 51], one has: ∏
P|p
(Dn)P =
∏
p|p
(D1)p , (234)
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where p denotes prime ideals of L1.
Case D: p 6= ℓ and p ∈ ΣE,p.m.. From Lemma 1 (having assumed that
ℓ > 3), E has multiplicative reduction over L1. Considering Tate’s curves, the
extension Ln/L1 is at most tamely ramified. Therefore, one obtains:∏
p|p
(D1)p p ⊆
∏
p|p
(D1)p
∏
P|p
PeP(Ln/L1)−1 ⊆
∏
P|p
(Dn)P ⊆ (1), (235)
using [41, Proposition 13, p. 58]. Here, eP(Ln/L1) denotes the relative ram-
ification index of P in Ln/L1. Since eP(Ln/L1) is bounded by (in fact, di-
vides) the ramification index eP of P in Ln/Q, the first inclusion holds, as
(p) =
∏
P|pP
eP .
Remark 6. Let L∞ be the infinite Galois extension obtained by adjoining
the affine coordinates of all ℓn-torsion points of E, with n ≥ 1. Consider the
cyclotomic fields Kn = Q(µℓn), for n ≥ 1. From the Weil pairing, one has the
inclusions Kn ⊂ Ln, for n ≥ 1. From [21, Theorem 3, p. 75], one has:
DKn/Q = (ℓ
nℓ−1/(ℓ−1)). (236)
This is consistent with the general results of Tate [47, §3.1, pp. 170–172]. Based
on Sen’s Theorem, one deduces that:
(1) ⊇ DLn/Kn = DLn/Q D−1Kn/Q ⊇ (ℓna)(ℓ−nℓ1/(ℓ−1))
= (aℓ1/(ℓ−1)) ⊇ (c), (237)
for all n ≥ 1, where c = aℓ. See also [42, Remarque, p. 152] for a consequence
of Sen’s Theorem.
Now, consider αn as in Proposition 2, an element of the integer ring On of
Ln = Q(E[ℓ
n]), with n ≥ 1. Then, using Proposition 2 and Remark 2, one has:∣∣∣ trn(αn)
[Ln : Q]
∣∣∣
ℓ
=
∣∣∣ trn(αn)
bℓnN
∣∣∣
ℓ
∼ C0ℓn(N−1)
∣∣∣ trn(αn)
ℓn
∣∣∣
ℓ
≤ 1, (238)
for some positive constant C0. On the other hand, Proposition 13 implies that:
|a|ℓ
∣∣∣ trn(αn)
ℓn
∣∣∣
ℓ
≤
∣∣∣trn(αnD−1Ln/Q)∣∣∣ℓ ≤ 1. (239)
But limn→∞ C0ℓ
n(N−1) = ∞, as N ≥ 2, whereas ∣∣a∣∣
ℓ
< ∞. Thus, the pre-
cise form of αn in Proposition 2, i.e., αn = ∆
′ℓ3/y2(P ), is at stake in this
proposition concerning the ℓ-adic norm, in addition to the strong condition
ρℓ(G) = GL2(Zℓ). For the Archimedean norm, one also needs the precise form
of αn, but not the condition on ρℓ(G). But for the other non-Archimedean
norms, the mere fact that αn is an integral element is sufficient, and this is the
only trivial case. Thus, the result of Sen indicates that Proposition 2 is by no
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means elementary, as it seems. In particular, Serre’s Theorems on the Galois
group of L∞/Q, in the case of non-CM elliptic curves over the rationals, played
an essential role in our proof of Theorems 5 and 6.
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